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Abstract

Stochastic gradient descent (SGD) is widely believed to perform implicit regularization,
but the precise manner in which this occurs has thus far been elusive. We prove that SGD
minimizes an average potential over the posterior distribution of the weights along with
an entropic regularization term. This potential is however not the original loss function in
general; the two are equivalent if and only if gradient noise in SGD is isotropic. We show
that the covariance matrix of mini-batch gradients for deep networks is highly non-isotropic,
with rank as small as 1% of its dimension. Moreover, SGD does not converge in the classical
sense; due to non-isotropic gradient noise, most likely trajectories of SGD are closed loops
in the weight space instead of being Brownian motion around critical points.

1 Introduction

Our first result shows that for a loss function f(x) with weights x € Q C R?, if p*(x) is the steady-state
posterior distribution over the weights as estimated by SGD,

SS : n
p¥ =argmin E ., [®Px)| — = H(p).
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Here, H(p) is the entropy of the distribution p and 1 and 6 are the learning rate and batch-size,
respectively. The implicit potential ®(x) is only a function of the architecxwture and the dataset.
This implies that SGD implicitly performs variational inference with a uniform prior, albeit using a
different loss than the one used to compute gradients.

The potential ®(x) is equal to our chosen loss f(x) if and only if the noise due to mini-batch gradients
is isotropic. This condition, however, is not satisfied for deep networks. Empirically, we find gradient
noise to be highly non-isotropic with the rank of its covariance matrix being about 1% of its dimension.
Most likely locations of SGD which are the critical points of ®(x) can be significantly different from
critical points of f(x); the deviation scales linearly with 71 /6. Furthermore, most likely trajectories
of SGD are “limit cycles”, i.e., closed loops in the weight space, instead of being Brownian motion
around critical points. This is our second main result.

We discuss practical implications of these results for training with large batch-sizes, Bayesian
inference along with hyper-parameter and neural architecture search.

2 Background on continuous-time SGD

Stochastic gradient descent performs the updates x; 1 = x; — 1 V. fz(x;) while training a network
where 1) is the learning rate and V f3 (x;) is the average back-propagation gradient over a mini-batch
of size 6. We assume that weights belong to a compact subset Q C R¥ to ensure appropriate boundary
conditions for the evolution of steady-state densities in SGD, although all our results hold without this
assumption if the loss grows unbounded as ||x|| — oo; for instance, with weight decay as a regularizer.

*This article summarizes the findings in [1]. See the longer version for background and detailed results.
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Definition 1 (Diffusion matrix D(x)). If examples in a mini-batch are sampled with replacement,

the variance of mini-batch gradients is var (V fs (x)) = % where

N
D(x) = (;] kZ’ Vi (x) ka(x)T> —Vix) Vf(x)—r = 0. (1)
=1

Note that D(x) is independent of the learning rate 1 and the batch-size 6. It only depends on the
weights x, architecture and loss defined by f(x), and the dataset.

Lemma 2 (Continuous-time SGD). The continuous-time limit of SGD is given by

dx(t) = —V £(x) dt + /2B~ D(x) dW (1); 2)

where W (t) is Brownian motion and the parameter B is the inverse temperature defined as B~ = %.
The steady-state density of the weights p(x,t) o< P(x(t) = x| x(0)), evolves according to the Fokker-
Planck equation [2]:

P v (Vrw p+ 6D Vp) (FP)

where the notation V -v denotes the divergence V -v =Y ; dx, vi(x) for any vector v(x) € R4,

Note that B! completely captures the magnitude of noise in SGD that depends on the learning rate
7N and the mini-batch size 6.

3 SGD performs variational inference

We assume that the steady-state distribution of the Fokker-Planck equation (FP) exists, this is denoted
by p*(x) and satisfies p;* = 0. We use this solution to implicitly define a potential

®(x) = —B ogp*(x), (3)

up to a constant. This allows us to write p%(x) = Z~'(B) ¢ #®() where Z(B) is a normalizing
constant. The potential will be made explicit in Section 4.

It can be shown by direct substitution in (FP) that this same distribution is also the steady-state
solution of (2) if V f(x) = D V®(x). We exploit this to split the gradient V f(x) into two quantities:

J(x) = =Vf(x) + D(x) VO(x), €
where j(x) is the part of the gradient that cannot be written as the gradient of some potential ®'. We

now make an important assumption on j(x) which has its origins in thermodynamics.
Assumption 3 (Force j(x) is conservative). We assume that V- j(x) = 0.

This assumption is discussed further in Appendix B and an important implication is that j(x) is
orthogonal to V®(x). Our first main result is the following theorem.

Theorem 4 (SGD performs variational inference). The functional

F(p)=B""KL(p || p%) (5)

decreases monotonically along the trajectories of the Fokker-Planck equation (FP) and converges to
its minimum, which is zero, at steady-state. Moreover, we also have an energetic-entropic split

F(p)=Exep {CID(x)} —B~'H(p) + constant. (6)

Theorem 4 shows that SGD implicitly minimizes a combination of two terms. The “energetic” term
is the average potential over the distribution p and encourages p** to place its probability mass in
regions of the parameter space with small values of ®. The “entropic” term is a regularization term
that biases SGD towards solutions that maximize the entropy of the distribution p. Note that the
energetic term in (6) has potential ®(x), instead of f(x).

Let us note that (6) becomes the celebrated JKO functional in optimal transport [3] if diffusion is
isotropic. In this case, SGD performs gradient descent on (6) in the Wasserstein metric [4]. Theorem 4



and the JKO functionals provide a way to enforce desired properties on the steady-state distribution
of SGD by modifying and interpreting (6). This has had enormous impact in optimal transport [5].

Lemma 5 (Potential equals original loss iff isotropic diffusion). If the diffusion matrix D(x) is
isotropic, i.e., a constant multiple of the identity, the implicit potential is the original loss itself:

D(x)=clixa & @(x)=f(x). (7

Lemma 6 (SGD converges to limit cycles). The force j(x) does not decrease F(p) in (6) and
introduces a deterministic component in the Fokker-Planck equation (FP) given by X = j(x). Together
with Assumption 3, this implies that most likely trajectories of SGD are closed loops.

Remark 7 (Connection to Bayesian inference). Note that (6) corresponds to the evidence lower
bound [6] with a uniform prior on Q with two differences: (i) the multiplier of 8, and (ii) the energetic
term has the potential ®(x) instead of the loss f(x) as is usually in the Bayesian literature.

Remark 8 (ELBO in practice). In practice, optimizing ELBO involves one or multiple steps of
SGD to minimize the energetic term along with an analytically computable KL-divergence term
which is often achieved using a factored Gaussian prior [6]. As Theorem 4 shows, such an approach
implicitly also enforces a uniform prior whose strength is determined by B! and conflicts with
the externally imposed Gaussian prior in ELBO. This conflict, which fundamentally arises from
using SGD to minimize the energetic term, has resulted in researchers modulating the strength of
the Gaussian prior in ELBO using a scalar factor in the KL-divergence term [7]. This has also been
shown to lead to invariant representations [8] via the information bottleneck principle [9].

3.1 Practical implications

We show in Section 4 that the potential ®(x) does not depend on S, it
is only a function of the dataset and the architecture. Therefore, the two
parameters, 1) and 6, completely determine the strength of the entropic =~
regularization term. If B~! — 0, the implicit regularization of SGD
goes to zero. This suggests that B! = 5& should not be small, that
learning rate should scale linearly with mini-batch size. This theoretical
prediction fits very well with empirical evidence wherein one obtains
good generalization performance only with small mini-batches [10], or
via such linear scaling [11].
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If mini-batches are sampled with replacement, the diffusion matrix is very

similar, but the inverse temperature becomes B~ = 1L (1—&). The Figure I:  CIFAR-10:
extra factor goes to zero as & — N and consequently, Theorem 4 predicts AD) =027 + 084,
that for the same learning rate and batch-size, sampling with replacement rank(D) = 0.34%

results in improved generalization than without. This effect is particularly
pronounced at large batch-sizes. 4

4 Characterizing the potential ®(x)

frequency
>

Figs. 1 and 2 show the eigenspectrum of D(x) for a convolutional network  1¢°
on the CIFAR-10/100 datasets [12]. It has a large fraction of almost-zero
eigenvalues with a very small rank that ranges between 0.3% - 2% of
the dimension. The non-zero eigenvalues are spread across a large range.
Also note that the eigenspectra at three different instants (20%, 40% and Figure 2:  CIFAR-100:
100% training completion, darker is later) are almost indistinguishable. A(D) = 098 £ 216,
This suggests that the spectral properties of the gradient noise in deep rank(D) = 0.47%
networks are almost constant, although the matrix is highly non-isotropic. Using Lemma 5, this
shows that ®(x) # f(x) for deep networks.

The eigenspectrum in Fig. 2 has a larger mean and variance than the one in Fig. 1; this is expected
to a more diverse dataset. Since the noise in SGD has variance 37! D(x), we see that maintaining
B~'mean(A (D)) constant across datasets is a good way to pick hyper-parameters; this keeps the

magnitude of the noise constant. Note that data-augmentation, which generalizes better, has a larger

variance in the eigenspectrum. This indicates that the quantity % + var(A(D)) can be used for

automated neural architecture search, possibly even without training the network.
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4.1 Explicit formula for ®

The Ornstein-Uhlenbeck equation [13] gives a closed-form solution for the case when V f is linearized
around a critical point [7, 14]. The linear case satisfies

V() = (D+Q) V@(x) and j(x) = -0 VP(x), ®)

where D and Q are symmetric and anti-symmetric parts of a unique matrix G with G V2£(0)" =

V2£(0) GT. This suggests that the effect of a non-zero j(x) is to rotate the local gradient field. We
build upon this and posit that the general solution is

V() = (D) +0(x)) YO) — jor(x): ©

where the matrices now depend on the weights x and we have added a correction force jofr(x).
Assumption 9 (Same steady-state distribution). We now assume that the force jog(x) does not
change the steady-state distribution, p* o< ¢ B®_ This is a popular assumption in physics and
biology [15-17] and effectively amounts to assuming that the symmetric matrix D(x) and an anti-
symmetric matrix Q(x) captures most of the gradient V f(x) that results from a potential ®(x).

Our second main result now follows.

Theorem 10 (Most likely locations are not the critical points of the loss). The most likely locations
of SGD where V®(x) = 0 are different from the critical points of the original loss V f(x) = 0:

o) =B (V-0() (10

where the divergence operator is applied to the matrix Q(x) column-wise. The matrix Q(x) and the
potential ®(x) can be explicitly computed in terms of the gradient V f(x) and the diffusion matrix
D(x). In particular, ®(x) does not depend on .

The time spent by a Markov chain at a state x is proportional to p**(x). While it is easily seen that
SGD does not converge in the Cauchy sense due to the stochasticity, it is very surprising that it may
spend a significant amount of time away from the critical points of the original loss if Q(x) has a large
divergence. The proof of Theorem 10 also shows that the presence of a Q(x) with non-zero divergence
is the consequence of a non-isotropic D(x) and it persists even if D is constant and independent of
weights. This is indeed the case for deep networks from our experiments.

The effect predicted by (10) becomes more pronounced if ! = 2% is large, i.e., for small batch-sizes

or high learning rates. Theorem 4 also shows that as $~! — 0, the implicit entropic regularization
in SGD vanishes. Observe that these are exactly the conditions under which we typically obtain
good generalization performance for deep networks [10, 11]. This suggests that a non-isotropic
gradient noise is crucial to obtain good generalization performance and indicates a link with other
non-equilibrium sampling techniques used in deep learning [18, 19].

5 Discussion

The idea that SGD is related to variational inference has been seen in machine learning before [7, 20]
under assumptions such as quadratic potentials; for instance, see [21] for methods to approximate
steady-states by interpreting SGD as Langevin dynamics. Our results here are however different,
we aim to characterize steady-state distributions of SGD itself. In full generality, SGD performs
variational inference, albeit using a new potential @ instead of the original loss f(x).

Our results make precise, the widely held belief that SGD is an implicit regularizer [22-24]. SGD
introduces an explicit entropic regularization on the posterior. Further, non-isotropic gradient noise for
deep networks reveals a potential ® with properties that lead to both generalization and acceleration.

Noise is often added in SGD to improve its behavior around saddle points for non-convex losses,
see [25-27]. It is also quite indispensable for training deep networks [28—32]. There is however a
disconnect between these two directions due to the fact that while adding external gradient noise
helps in theory, it works poorly in practice [33, 34]. Instead, “noise tied to the architecture” works
better, e.g., dropout, or small mini-batches. Our results close this gap and show that SGD crucially
leverages the highly degenerate noise induced by the architecture.
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Diffusion matrix D(x)

In this section we denote g := Vfi(x) and g := Vf(x) = % YY, g Although we drop the
dependence of g; on x to keep the notation clear, we emphasize that the diffusion matrix D depends
on the weights x.

Al

Leti

With replacement

1,...,ig be & iid random variables in {1,2,...,N}. We would like to compute

6 | & | & T
Z 8ij 11, g EZ 8i;— 8 gz 8i;— 8
=1 =1 j=1

Note that we have that for any j 7 k, the random vectors g;; and g;, are independent. We therefore

have

Covar(gijvgik) =0= E’i]; i {(gij _g)(glk _g)T}

‘We use this to obtain

N

ar ligw - L Zvarg LZ (gk— gk—g)T)
6 5 °0) 62 Y NG &

:l Zivzlgkglj_ T
4 7]\/ 88 .



We will set

1 N
N(Z gkg,i>gg7 (A1)
k=1

and assimilate the factor of 6! in the inverse temperature f3.

A.2 Without replacement

Let us define an indicator random variable 1;c4 that denotes if an example i was sampled in batch 6.
We can show that

6 62
var(licg) = N N2’
and for i # j,
6(N—6
covar(lieg, 1jes) = _1\/2((1\/—1))'

Similar to [35], we can now compute

<1 i 8k 1keﬁ> <Z 8k 1k€ﬁ>

1 N
62

N
1
Z g8l var(lies)+— Y, gig] covar(lics, 1jes)

k= 6 =1, i#j
Zk lgkgk 1 T
—(1-— :
( ) N—1 N-1)8¢

D( _ b S i D U T
=gl Lekee |- (1-5—7) ¢¢ (A2)

%\H

We will again set

—_—

k=1

and assimilate the factor of 6~ (1 — %) that depends on the batch-size in the inverse temperature f3.

B Discussion on Assumption 3

The Fokker-Planck equation (FP) typically models a physical system which exchanges energy with an
external environment [36, 37]. In our case, this physical system is the gradient descent part V- (V f p)
while the interaction with the environment is the stochastic part §~!'V - (D Vp). The second law of
thermodynamics states that the entropy of a system can never decrease and we now show how this
assumption is sufficient to guarantee this.

Let F(p) be as defined in (6). In non-equilibrium thermodynamics, it is assumed that if the system is
not far from equilibrium, i.e., if || j(x)|| is small, the local entropy production is a product of the force

-V (%) from (6) and the probability current —J(x,#) from (FP). This assumption in this form was

first introduced by [38] based on the works of Onsager [39, 40]. See [41, Sec. 4.5] for a mathematical
treatment and [42] for further discussion. The rate of entropy (S;) increase is given by

B~ o _/egv<5p J(x,1) dx.

This can now be written using ?? again as

1 dSi SF\ (GOF\' [ 8F
B /pD <V6p V5 +/]p Vs, ) 4



The first term in the above expression is non-negative, in order to ensure that % > 0, we require
oF
0= ip(V— | d
| ( 6p> *
oF
= V-(j — | dx;
/ (Jp) (5 p> x

where the second equality again follows by integration by parts. It can be shown [41, Sec. 4.5.5] that
the condition in Assumption 3, viz., V- j(x) = 0, is sufficient to make the above integral vanish and
therefore for the entropy generation to be non-negative.

We also discuss some properties of j(x) in Appendix C that are a consequence of this assumption.

C Some properties of the force j(x)

The Fokker-Planck equation (FP) can be written in terms of the probability current as

ptss -V. (7] pSS+D VP pSS+B_1D Vpss)
=V J.

Since we have p% o< e’ﬁq’(x), we also have that
0= ptss -V. (D VP pss+ﬁ71D Vpss) ,

and consequently,

0=V-(j p*)

In other words, the conservative force is non-zero only if detailed balance is broken, i.e., J* £ 0. We
also have

0=V-(jp%)
=p*(V-j— j- V),

which shows using Assumption 3 and p*(x) > 0 for all x € Q that j(x) is always orthogonal to the
gradient of the potential

0=jx) Vo
S Vo (Ad)
— j(0)-Vp™.
Using the definition of j(x) in (4), we have detailed balance when
Vf(x) = D(x) V®(x). (AS)
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