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Abstract

In this paper, we present a hierarchical model which assumes the logistic regres-
sion function as the observation model and assumes hierarchical priors which pro-
mote sparsity of the estimated parameters. We also develop an inference algorithm
based on the variational method. The effectiveness of the proposed algorithm is
validated through some experiments on both synthetic and real-world data.

1 Introduction

Learning from high-dimensional data is one of the emerging tasks in machine learning research.
There are many researches that address the problem based on optimization methods such as LASSO
[1]. LASSO can be considered as a method of finding the maximum a posterior (MAP) estimate
of the parameter assuming that the prior distribution is the Laplace distribution. For some Bayesian
decision-making problems, such as sequential experimental design, the full information of the pos-
terior distribution is useful. There are some approaches to obtain an approximate posterior distri-
bution for the sparse linear model. Relevance vector machine (RVM) assumes a Gaussian prior for
the unknown parameters and try to find the maximum likelihood or MAP estimates for the scale pa-
rameters of the Gaussian [2]. Since some estimators for the scale parameters go to infinity, it results
in a sparse estimator for the unknown parameters. Another approach is the Majorize Minimization
(MM) approach. In this approach, sparsity inducing priors, such as the Laplace distribution and the
Student’s ¢ distribution, are assumed for the unknown parameters and it finds a Gaussian approx-
imation for the posterior [3]. Finally, there is a hierarchical modeling approach, which assumes a
Gaussian prior for the unknown parameters and further assumes priors for the scale parameters. For
the prior distributions of the scale parameters, the exponential distribution, the gamma distribution,
or more generally, the generalized inverse Gaussian distribution are used [4][5][6]. Compared to
the other approaches, the hierarchical modeling approach assumes one more deeper hierarchical
structure. Figueiredo proposed to treat the scale parameters as hidden variables and developed an
approximation algorithm based on the EM algorithm [4]. Park and Casella derived the Gibbs sam-
pling for the hierarchical sparse linear model [5]. In general, sampling based methods such as Gibbs
sampling require long time to converge and it is hard to apply to the large scale problems. As a
deterministic approximation for the hierarchical sparse linear model, Babacan et al. proposed an
approximation algorithm based on the variational Bayes (VB) method [6].

While there are a lot of works that address the problem of finding the approximate posterior distri-
bution for the sparse linear model, limited efforts have been devoted to the sparse nonlinear models.
In order to apply the methods to the classification problems, sparse nonlinear models are also im-
portant. Among the works listed above, RVM can also be applied to the classification problems [2].
Figueiredo also provided how to apply the EM algorithm based method for the probit classification
model [4]. Very recently, Serra et al. proposed a Bayesian logistic regression with sparsity inducing
priors [7]. The methods proposed in [7] is based on the MM approach. In this paper, we propose
a Bayesian logistic regression with hierarchical modeling which induces sparsity for the unknown
parameters. The proposed algorithm is based on the VB and the EM algorithms and it can be consid-
ered as an extension of the Bayesian logistic regression [8] and the VB algorithm for the hierarchical
sparse linear model [6].
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2 Hierarchical Model for Sparse Logistic Regression

Lety = (y1,...,yn) € {0,1}" be the observation label vector and X = [z1,...,z,|T € R™*P
be the design matrix and 3 = (f1,...,5,) € RP be the unknown parameter vector. We consider
the following logistic regression model,
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We assume an independent Gaussian prior for the unknown parameter 3,
p(BlT) = N(BI0, S7), 3)
where NV (-, ¥) denotes the multivariate Gaussian distribution with mean vector p and covariance
matrix ¥ and T = (71,...,7,) and S, = diag(7y, ..., 7,). Further, we assume a prior distribution

p(7) for 7, which is called mixing distribution. As in [6], in this paper, for the mixing distribution,
we consider the independent generalized inverse Gaussian (GIG) distribution,
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where @ = (a1,...,a,), b = (bl,...,bp), p = (p1,...,pp), and K, is the modified Bessel
function of the second kind. As special cases, the GIG distribution coincides with the exponential
distribution when b; = 0, p; = 1 and the inverse gamma distribution when a; = 0, p; < 0.

In summary, the following joint distribution is obtained.

p(y,B8,7,a,b,p) = p(y|B)p(B|T)p(T|a,b, p)p(a, b, p). (5)

For the sake of the simplicity, hereafter, we consider only the case where p = 1, b = 0 (in this case,
p(Tjla;) is the exponential distribution) and assume that the hyperprior p(a) is the independent
gamma distribution, that is,
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3 Variational Inference

Given the joint distribution (5), we want to calculate posterior distribution p(3|y), however, complex
integral calculation is required to find the posterior and it is very hard. In this paper, we give an
approximation algorithm based on the VB method [9]. Let @ = (3, T, a) and the VB method finds
an approximation distribution ¢(@) that approximates p(8|y). More specifically, the goal is to find
¢(0) that minimizes the Kullback-Leibler divergence KL(¢(0)||p(0]y)):
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However, it is difficult to minimize (7) for arbitrary probability distributions. First, we limit the
optimization distribution to ¢(@) that can be factorized as follows.

q(B,7,a) = q(B)q(T)q(a). ®)

This is known as the mean-field approximation [9]. Using this factorization, we can minimize (7)
by iteratively updating each component distribution ¢(6y), 0y € 60 as [9]

Ing*(6x) = Eq(g\6,)[Inp(y, )] + const., )

where 6 \ 0y, is the set 8 with 6;, removed. However, it is still difficult to calculate (9) since there
is no analytic solution for In¢*(8) = E,e\g)[Inp(y, )] + const.. Then, we use the Majorize-
Minimization (MM) approach which is used for Bayesian logistic regression in [8]. The idea is

q*(0) = argmin/q(@) In (7

a(0)



Algorithm 1 Sparse Bayesian Logistic Regression

Input: design matrix X € R™*P, label vector y € {0,1}", hyper parameters k, > 0,0, > 0,
initial variational parameter £ € R™.
Output: 3, 3.

Set t = 0, Initialize a = ko/baforj=1,...,p, 8O0 = I, (p-dimensional identity matrix).
repeat
if p > n then

S = 80 - SOXT (JALL + XSOXT) XS0,
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else
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J
t=t+1
until Converges

to introduce a variational parameter £ = (&1,...,&,) and to find a function h(3, £), which is a
quadratic function of 3 and a lower bound of p(y|3). Then, h(3, &) is substituted to p(y|3). More
specifically, it is known that the following inequality holds [8].
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In this paper, we use the following strategy to find an approximate posterior distribution. First, fix
the variational parameter £ and update q(60y), 0y, € 0 as

Ing*(6r) = Eq(o\0,)[Inh(3,€)p(0)] + const.. (12)
Then we use the EM algorithm to update £. It is updated according to the following equation.

&= argmax/q(,@) In h(B, £)dB. (13)
3

Since it turns out that ¢*(3) is a Gaussian, we can use the result of [8] for solving (13). The resulting
algorithm is summarized in Algorithm 1. Using 3, ¥, we can construct an approximate predictive
distribution as follows [9]
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Table 1: MSE and prediction accuracy for synthetic ~ Table 2: Prediction accuracy for real world

data. data.
| MSE [ Accuracy | | [ ala [ wla [ covtype |
Proposed || 0.1589 + 0.1133 | 0.8195 £ 0.0477 Proposed || 0.8400 | 0.9757 | 0.7436
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Figure 1: Estimation results on synthetic data. Figure 2: Estimation results on ’ala’ data.

4 Experiments

In this section, we illustrate the performance of our proposed method on synthetic data and real
world data.

4.1 Experiments on Synthetic Data

We illustrate the behavior of the proposed method using a synthetic data. In this experiment, we
fix the true sparse parameter 3* = (Ogo, 21¢) and generate training samples Xtrqin, Ytrain and test
samples Xicst, Ytest- The number of training sample is 100 and that of test sample is 1000. The
elements of Xi,qin, Xtest are generated from standard normal distribution and Yiyqin, Ytest are
generated according to the model (1) with 3*. We examined the mean squared error (MSE) of the
estimators for 3* and the prediction accuracy for the test data. For comparison, we compared the
proposed method with the L, regularized logistic regression and Lo regularized logistic regression
with tuned regularization parameters through cross validation. For the proposed algorithm, we set
ko = 6, = 1079 so that the prior is almost non-informative and £(°) = 1. Table 1 shows the average
and standard deviation of the MSE and the prediction accuracy for 1000 experiments. We can see
that the proposed method shows better performance in terms of both the MSE and the prediction
accuracy. Furthermore, Figure 1 is the plot of the true parameter and the estimators for one training
data. We can see that the estimator of the proposed method is more sparse than the outputs of the
regularized logistic regressions.

4.2 Experiments on Real World Data

We evaluate our proposed method on some real world classification tasks. As in the case of synthetic
data, we compared the prediction accuracy of the proposed method with that of the L, regularized
logistic regression and Lo regularized logistic regression. The regularization parameters for the
regularized logistic regressions are tuned through cross validation and k, = 0, = 10~ %and ¢(®) =1
are used for the proposed algorithm. All data sets are from the LIBSVM archive. Table 2 shows the
prediction accuracy for some data and it shows that the proposed method has competitive or even
better performance compared with the regularized logistic regressions. Furthermore, from Figure 2,
which shows the estimation results of the proposed method and L; regularized logistic regression
on ’ala’ data, the proposed method outputs a sparse solution even for real world data. For ’ala’
data, the ratio of the number of the estimated coefficients whose absolute value is greater than 0.1 to
p = 123 were 0.276 for the L, regularized logistic regression and 0.228 for the proposed method.
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