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Abstract

The Gaussian mixture model is a classic technique for clustering and data modeling
that is used in numerous applications. With the rise of big data, there is a need
for parameter estimation techniques that can handle streaming data and distribute
the computation over several processors. While online variants of the Expectation
Maximization (EM) algorithm exist, their data efficiency is reduced by a stochastic
approximation of the E-step and it is not clear how to distribute the computation
over multiple processors. We propose a Bayesian learning technique that lends
itself naturally to online and distributed computation. Since the Bayesian posterior
is not tractable, we project it onto a family of tractable distributions after each
observation by matching a set of sufficient moments. This Bayesian moment
matching technique compares favorably to online EM and online Variational Bayes
in terms of time and accuracy on a set of data modeling benchmarks.

1 Introduction

Gaussian Mixture models (GMMs) [[13]] are simple, yet expressive distributions that are often used
for soft clustering and more generally data modeling. Traditionally, the parameters of GMMs
are estimated by batch Expectation Maximization (EM) [6]. However, as datasets get larger and
do not fit in memory or are continuously streaming, several online variants of EM have been
proposed [16, 14,15, [11]. They process the data in one sweep by updating a sufficient statistics in
constant time after each observation, however this update is approximate and stochastic, which slows
down the learning rate. Furthermore it is not clear how to distribute the computation over several
processors given the sequential nature of those updates.

We propose a new Bayesian learning technique that lends itself naturally to online and distributed
computation. As pointed out by [4], Bayes’ theorem can be applied after each observation to update
the posterior in an online fashion and a dataset can be partitioned into subsets that are each processed
by different processors to compute partial posteriors that can be combined into a single exact posterior
that corresponds to the product of the partial posteriors divided by their respective priors.

The main issue with Bayesian learning is that the posterior may not be tractable to compute and
represent. If we start with a prior that consists of the product of a Dirichlet by several Normal-
Wisharts (one per Gaussian component) over the parameters of the GMM, the posterior becomes
a mixture of products of Dirichlets by Normal-Wisharts where the number of mixture components
grows exponentially with the number of observations. To keep the computation tractable, we project
the posterior onto a single product of a Dirichlet with Normal-Wisharts by matching a set of moments
of the approximate posterior with the moments of the exact posterior. While moment matching is a
popular frequentist technique that can be used to estimate the parameters of a model by matching the
moments of the empirical distribution of a dataset [2], here we use moment matching in a Bayesian
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setting to project a complex posterior onto a simpler family of distributions. For instance, this type of
Bayesian moment matching has been used in Expectation Propagation [12].

Despite the approximation induced by the moment matching projection, the approach compares
favorably to Online EM and Variational Bayes [3] in terms of time and accuracy. Online EM requires
several passes through the data before converging and therefore when it is restricted to a single
pass (streaming setting), it necessarily incurs a loss in accuracy while Bayesian moment matching
converges in a single pass. The approximation due to moment matching also induces a loss in
accuracy, but the empirical results suggest that it is less important than the loss incurred by online
EM. Finally, BMM lends itself naturally to distributed computation, which is not the case for Online
EM.

2 Bayesian Moment Matching : Motivation and Algorithm

Let Dy = {x1,X2,...,Xy } be a set of N data points sampled i.i.d from a Gaussian mixture model
with M components. Assume O to be the parameters of this underlying Gaussian mixture model,
where © = {01, 0,, ....,05}. Bach 6; is a tuple of (w;, p;, ;) Vi € {1,2,....., M} where w; is the
weight, p; is the mean and Y; is the covariance matrix of the i*" component in the Gaussian mixture
model. The aim is to find an estimate © of © in an online (or streaming) setting given the data x'*V.

One way to estimate Oisto compute the

posterior P,,(©) = Pr(©|x!") by using

P,.(©) = Pr(0x"") Bayes theorem recursively and the esti-
x P,_1(0)Pr(x,|0) mate being © = E[Px(O)]. However, a
L1 major limitation with this approach is with

oc Pr(0[x )Pr(x,]0) each new data point X;, the number of
1 M terms in the posterior increases by a factor

= — Pr(Ox'™ ) Z wiNy (Xn; i, Zi) M due to the summation over the number
Z i—1 of components. Hence, after N data points,

M the posterior will consist of a mixture of
where 7 — / Pr(ex"1) Z wiN (Xn; i Ei)d@ M terms, which is intractable. In this
e Py paper, we describe a Bayesian Moment
Matching technique that helps to circumvent this problem.

The Bayesian Moment Matching (BMM) algorithm approximates the posterior obtained
after each iteration in a manner that prevents the exponential growth of mixture
terms. This is achieved by approximating the distribution P,(©) obtained as the
posterior by another distribution P,(©) which is in the same family of distributions
f(©|®) as the prior by matching a set of sufficient moments S of P,(©) with P,(©).

Algorithm 1: Generic BMM In Algorithm . we describe a generic proce-
Input: A data set D,, = {x, 5\; ) dure to approximate the posterior P, after each

A . observation with a simpler distribution P,, by
Output: © : estimated parameters ‘ moment matching. More precisely, a set of mo-
ﬁii{fl(izLi) l;ieoi ;ar?(g}[ £§ <.11str1but10ns > ments sufficient to define P,, are matched with
forn < 1 5) N dg ’ the moments of the exact posterior P,,. For ev-
ery iteration, we first calculate the exact pos-

Compute P, (®) from P,,_1(0O) ;

) terior P, (©|x!"). Then, we compute the set
¥V 9(®) € 5(f). evaluate Mye)(Pn) ; of moments S(f) that are sufficient to define a

Compute & using Mg((?)(Pn)’S ; distribution in the family f(©|®). Next, we
Approximate P, with P,,(©) = f(@|<ﬁ-) : compute the parameter vector ® based on the
Return © — E[Py(©)] set of sufficient moments. This determines a

specific distribution P, in the family f that we
use to approximate P,. Note that the moments
in the sufficient set S(f) of the approximate pos-
terior are the same as that of the exact posterior. However, all the other moments outside this set of
sufficient moments S(f) may not necessarily be the same. Next, we illustrate the working of the BMM
algorithm for estimating the parameters of a multivariate Gaussian mixture model.




Let X' be a set of d-dimensional i.i.d observations following Pr(X|0) = Zi\il wiN (@ py, A7)
where © = {(wy, i, A7), (w2, o, AFY), ...(war, ar, Ay, )} and M is known.
We choose the prior as a product of a Dirichlet distribution over the weights w and A/ Normal-Wishart

distributions corresponding to the parameters (g, A~1) of each Gaussian component. Such a prior
forms a conjugate probability pair of the likelihood and is hence desirable. Concretely, Py(0) =
DZ"I"(W‘O{) Hf\il NW(/,L,L-, AL|61, Ki, Wi, l/i) where w = (wl, W2, ..., ’U)M), o = (0(1, a9, ..., Oé]u),
W is a symmetric positive definite matrix, x > 0 is real, § € R? and v > d — 1 is real. The posterior
P1(©|X;) after observing the first data point X; is given by

P1(@|X1) X Po(@) PI“(Xl ‘@)

M
o« Dir(w|a HJ\/W (s, Ni| 04, ki, Wi,y v5) ij Xl;uj,Ajl)
i=1 j=1

Since a Normal-Wishart distribution is a conjugate prior for a Normal distribution
with unknown mean and precision matrix, NW(p;, A;|8;, ki, Wi, vi)N (X1 g, A7) =
cNW(p;, A 85, v, Wi, ;) where ¢ is some constant. Similarly, w; Dir(w|ay, ag, .., o), .., aas) =
kDir(wy,ws, ..., war|on, g, ..Gyj.., apr) where k is some constant. Therefore, P1(0|X) is

1M R X M
P1(6|X1) = Z Z (CJDZT(WdJ)NW(HJ7 Aj |6j, IAij, W]'7 ﬁj) HNW(H“ Az|6za Ki, VVZ'7 1/2)>
j=1 i#j
where &; = (aq, g, .., &, .., cpr) and Z is the normalization constant. The equation above suggests
that the posterior is a mixture of product of distributions where each product component in the
summation has the same form as that of the family of distributions of the prior Po(©). It is evident
that the terms in the posterior grow by a factor of M for each iteration, which is problematic. The
Bayesian moment matching algorithm approximates this mixture P; (©) with a single product of

Dirichlet and Normal-Wishart distributions P, (©) by matching all the sufficient moments of P; with
P, which belongs to the same family of distributions as the prior:

Py (0) = Dir(w]a? HNWH,,,AWH w!l

i Vi
=1

We evaluate the parameters o 1,511,/<Z,W11, v} Vi € {1,2,..,M} by matching a set of suf-
ficient moments of P;(©) with P;(©). The set of sufficient moments in this case is S =
{pj, il Ay, A3 wi,wit Vi€ 1,2,..., M where A2 n is the (k,m)*" element of the matrix
A ;. The expressions for sufficient moments are given by IE = Jo 9P1(0)d(0). The parameters of

Py can be computed from the following set of equations

(i) +1)

E w;| = ; E w? -
vl == 7] (Z,0) (145, 0)
E[A] =vW; VCLT(Aij) = Z/(Wtzj + Wiinj)
Bl =6 Bl 88 = W

Using this set of equations, the exact posterior P; (©) can be approximated with Py (©). This posterior
will then be the prior for the next iteration and we keep following the steps above iteratively to finally

have a distribution P, (©) after observing a stream of data X*". The estimate is © = E[P, (0)].

2.1 Distributed Bayesian Moment Matching

One of the major advantages of Bayes’ theorem is that the computation of the posterior can be
distributed over several machines, each of which processes a subset of the data. It is also possible
to compute the posterior in a distributed manner using Bayesian moment matching algorithm. For
example, let us assume that we have 7 machines and a data set with TN data points. Each machine ¢,



can compute the approximate posterior P;(©[x(*~DN+1tN) where ¢ € 1,2, .., T using Algorithm ??
over N data points. These partial posteriors { P;}7__; can be combined to obtaln a posterior over the
entire data set x"*7V according to the following equation:

PloY) = plo) T PO )

(D

t=1

Subsequently, the estimate © = E[P(©|x"7™)] is obtained over the whole data set. Therefore,
we can use Bayesian moment matching algorithm to perform Bayesian learning in an online and
distributed fashion.

3 Experiments

We performed experiments on 2 sets of real datasets - 10 moderate-small size datasets and 4 large
datasets available publicly online at the UCI machine learning repository and Function Approximation
repository[[7]. All the datasets span over diverse domains. The number of attributes(or dimensions)
range from 4 to 91. We subsequently compared the performance of o0BMM with the online Expectation
Maximization algorithm (0EM) described in [5] and online Variational Bayes (oVB) [18, 13]].

We measure both - the quality of the two algorithms in terms of average log-likelihood scores on the
held-out test datasets and their scalability in terms of running time. We use the Wilcoxon signed
ranked test[17] to compute the p-value and report statistical significance with p-value less than 0.05,
to test the statistical significance of the results. We computed the parameters for each algorithm over
a range of components varying from 2 to 10. For analysis, we report the model for which the log-
likelihood over the test data stabilized and showed no further significant improvement. For oEM the
step size for the stochastic approximation in the E-Step was set to (n 4+ 3) ™% where 0.5 < o < 1[11]]
where n is the number of observations. We evaluate the performance of online Distributed Moment
Matching (-DMM) by dividing the training datasets in to 5 smaller data sets, and processing each of
these small datasets on a different machine. The output from each machine is collected and combined
to give a single estimate for the parameters of the model learned.

Table 1: Log-likelihood scores on 10 data sets. The best results among oBMM and oEM are
highlighted in bold font. 1(or |) indicates that the method has significantly better (or worse) log-
likelihoods than Online Bayesian Moment Matching (0BMM) under Wilcoxon signed rank test with
pvalue < 0.05.

DATA SET INSTANCES OVB OEM o0BMM
ABALONE 4177 2.18] -2.65 | -1.82
BANKNOTE 1372 9.89 ] -9.74 | -9.65
AIRFOIL 1503 16.71] -15.86 -16.53
ARABIC 8800 15.42) -15.83| -14.99
TRANSFUSION 748 13.31) -13.26] -13.09
CCPP 9568 16.874 -16.53] -16.51
COMP. ACTIVITY 8192 -121.55] -132.04| -118.82
KINEMATICS 8192 10.51) -10.371 -10.32
NORTHRIDGE 2929 19.03) -18.31] -17.97
PLASTIC 1650 9.39 ] -9.47 ] -9.01

Table [T) shows the average log-likelihood on test sets for oVB, oEM and 0BMM. o0BMM outperforms
oEM on 9 of the 10 datasets and it outperformed oVB on all datasets. The results show that for some
datasets, 0BBMM has significantly better log-likelihoods than both oEM and oVB. Table 2] shows the
log-likelihood scores and running times of each algorithm on large datasets. In terms of log-likelihood
scores, oBMM outperforms oEM, oVB and oDMM on all 4 datasets. While, the performance of
oDMM is expected to be worse than o0BMM, it is to be noticed that the performance of 0 DMM is not
very significantly worse. This is encouraging in light of the huge gains in terms of running time of
oDMM over oVB, oEM and oBMM. Table [2| shows the performance of each algorithm in terms of
running times. oDMM outperforms each of the other algorithms very significantly. It is also worth
noting that o BMM performed better than oEM on 3 out of 4 datasets.



Table 2: Log-likelihood scores and Avg. running time on 4 large data sets. The best results among
0BMM, oDMM and oEM are highlighted in bold font.

DATA AVG. LOG-LIKELIHOOD AVG. RUNNING TIME
DATA (ATTRIBUTES) INSTANCES OoVB OEM O0BMM ODMM | oVB OEM OBMM oDMM
HETEROGENEITY (16) 3930257 | -175.3] -176.2] -174.3 -180.7 87.3 71.3 81.7 17.5
MAGIC 04 (10) 19000 | -32.9¢ -33.4] -32.1 -354 81 7.3 6.8 14
YEAR MSD (91) 515345 | -514.6) -513.7) -506.5 -513.8 | 473.7 336.5 108.2 21.2
MINIBOONE (50) 130064 | -58.6] -58.1] -54.7 -60.3 57.6 48.6 12.1 2.3

4 Discussion

Expectation Maximization, Variational Bayes (VB) and Markov Chain Monte Carlo (MCMC) are
popular techniques used for approximate Bayesian learning. However, MCMC is difficult to run in
an online fashion. This is due to the fact that BMM is naturally online and therefore does not require
mini-batches. In contrast, in order to run in an online fashion Variational Bayes requires mini-batches
and a decreasing learning rate, however the size of the mini-batches and the decay procedure for
the learning rate require some fine tuning. In general, the use of mini-batches always leads to some
information loss since data in previous mini-batches is not accessible. BMM does not suffer from
this type of information loss and there is no batch size nor learning rate to fine tune. While online
variants of the Expectation Maximization (EM) algorithm exist, their data efficiency is reduced by
a stochastic approximation of the E-step and it is not clear how to distribute the computation over
multiple processors.

Another aim of this work was to develop a robust online and distributed algorithm for mixture
models. While spectral learning [9} [1} [10]] has generated a lot of interest because of its ability to
produce consistent estimates (under suitable conditions) for various latent variable models, it often
generates negative probabilities in practice which is problematic - a poor choice of the rank of the
model parameters and insufficient training data increase the likelihood of negative probabilities
[L8]. We believe BMM can be demonstrated to be a consistent online algorithm for mixture models
under certain conditions. The sequence of predictive posterior obtained from the Bayesian Moment
Matching algorithm forms a martingale sequence when specific moments are matched. Further,
in the domain of discrete distributions, the moment matching procedure in BMM can be recast as
Robbins-Monro method [[15] and can be shown to converge to the true parameters. We will explore
the theoretical properties of BMM in future work.

5 Conclusion

In this paper, we explored online algorithms to learn the parameters of Gaussian Mixture models. We
proposed an online Bayesian Moment Matching algorithm for parameter learning and demonstrated
how it can be used in a distributed manner leading to substantial gains in running time. We further
showed through empirical analysis that the online Bayesian Moment outperforms online EM and
online VB both in terms of accuracy and running time. We also demonstrated that distributing the
algorithm over several machines results in faster running times without significantly compromising
accuracy, which is particularly advantageous when running time is a major bottleneck.
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1 Background

1.1 Moment Matching

A moment is a quantitative measure of the shape of a distribution or a set of points. Let f(0|¢) be
a probability distribution over a d-dimensional random variable 8 = {6, 05, ..., 04}. The j* order

moments of @ are defined as My, (9)(f) = E [ IL 91"’] where ), n; = j and g, is a monomial of 0
of degree j.

My, 0)(f) = /9 4;(0) /(6] )6

For some distributions f, there exists a set of monomials S(f) such that knowing M, (f) Vg € S(f)
allows us to calculate the parameters of f. For example, for a Gaussian distribution A'(x; u, 02), the
set of sufficient moments S(f) = {x, x%}. This means knowing M, and M,> allows us to estimate
the parameters 1 and o2 that characterize the distribution. We use this concept called the method of
moments in our algorithm.

Method of Moments is a popular frequentist technique used to estimate the parameters of a probability
distribution based on the evaluation of the empirical moments of a dataset. It has been previously
used to estimate the parameters of latent Dirichlet allocation, mixture models and hidden Markov
models [1]. Method of Moments or moment matching technique can also be used for a Bayesian
setting by computing a subset of the moments of the intractable posterior distribution given by Eq. ?2?.
Subsequently, another tractable distribution from a family of distributions that matches the set of
moments can be selected as an approximation for the intractable posterior distribution. For Gaussian
mixture models, we use the Dirichlet as a prior over the weights of the mixture and a Normal-Wishart
distribution as a prior over each Gaussian component. We next give details about the Dirichlet and
Normal-Wishart distributions, including their set of sufficient moments.

1.2 Family of Prior Distributions

In Bayesian Moment Matching, we project the posterior onto a tractable family of distribution by
matching a set of sufficient moments. To ensure scalability, it is desirable to start with a family
of distributions that is a conjugate prior pair for a multinomial distribution (for the set of weights)
and Gaussian distribution with unknown mean and covariance matrix. The product of a Dirichlet
distribution over the weights with a Normal-Wishart distribution over the mean and covariance matrix
of each Gaussian component ensures that the posterior is a mixture of products of Dirichlet and
Normal-Wishart distributions. Subsequently, we can approximate this mixture in the posterior with a
single product of Dirichlet and Normal-Wishart distributions by using moment matching. We explain
this in greater detail in Section ??, but first we describe briefly the Normal-Wishart and Dirichlet
distributions along with some sets of sufficient moments.
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1.2.1 Dirichlet Distribution

The Dirichlet distribution is a family of multivariate continuous probability distributions over the
interval [0,1]. It is the conjugate prior probability distribution for the multinomial distribution and
hence it is a natural choice of prior over the set of weights w = {w1, wa, ..., wps} of a Gaussian
mixture model. A set of sufficient moments for the Dirichlet distribution is S = {(w;, w?) : Vi €
{1,2,..., M}}. Let &« = {1, , ..., apr } be the parameters of the Dirichlet distribution over w,
then

E[w;] = zaa Vie{1,2,..., M}
J

(ai)(a; +1)

T (Ee)(5)

E[w?

K2

Vie{1,2,.., M} (1)

1.2.2 Normal Wishart Prior

The Normal-Wishart distribution is a multivariate distribution with four parameters. It is the conjugate
prior of a multivariate Gaussian distribution with unknown mean and covariance matrix [3l]. This
makes a Normal-Wishart distribution a natural choice for the prior over the unknown mean and
precision matrix for our case.

Let p be a d-dimensional vector and A be a symmetric positive definite d X d matrix of random vari-
ables respectively. Then, a Normal-Wishart distribution over (g, A) given parameters (p, <, W, v)
is such that g ~ Ny (p; pg, (kA)~') where k£ > Ois real, p, € R? and A has a Wishart distribution
given as A ~ W(A; W, v) where W € R?*4 is a positive definite matrix and v > d — 1 is real. The
marginal distribution of y is a multivariate t-distribution i.e pe|A ~ t,_a41 (15 o, ﬁ) The
univariate equivalent for the Normal-Wishart distribution is the Normal-Gamma distribution.

In Section[I.T} we defined S, a set of sufficient moments to characterize a distribution. In the case of
the Normal-Wishart distribution, we would require at least four different moments to estimate the four
parameters that characterize it. A set of sufficient moments in this case is S = {u, up®, A, Afj}

where Afj is the (7, j)*" element of the matrix A. The expressions for sufficient moments are given
by

Elp] = po
Bl — o)~ )] = W
E[A] = vW
Var(Aij) = v(Wi + Wi W) 2

1.3 Online Expectation Maximization

Batch Expectation Maximization [4] is often used in practice to learn the parameters of the underlying
distribution from which the given data is assumed to be derived. In [8]], a first online variant of EM
was proposed, which was later modified and improved in several variants [6, (7}, 12 S]] that are closer
to the original batch EM algorithm. In online EM, an updated parameter estimate O, is produced
after observing each data instance x,,. This is done by replacing the expectation step by a stochastic
approximation, while the maximization step is left unchanged. In the limit, online EM converges to
the same estimate as batch EM when it is allowed to do several iterations over the data. Hence, a loss
in accuracy is incurred when it is restricted to a single pass over the data as required in the streaming
setting.
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