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Abstract

We propose a Dirichlet Gamma prior for Bayesian Nonnegative Matrix Factoriza-
tion (NMF) with the Kullback-Leibler divergence, also known as Bayesian Pois-
son Factorization and show that both latent factor matrices can be integrated out
analytically. For count matrices, this leads to a tensor valued discrete distribution
that we call an allocation model. The properties of the allocation model provides
an alternative perspective on the empirical behavior of Bayesian NMF such as
by-parts representation, and connections to Latent Dirichlet Allocation (LDA). It
allows us to formulate alternative novel decompositions for count data beyond
low rank approximations, that we name as Best Latent Decomposition (BLD). We
develop a multiplicative gradient ascent algorithm for approximately solving the
BLD problem and show that these solutions have favorable properties.

1 Introduction

The Nonnegative Matrix Factorization (NMF) problem is typically cast as a minimization problem:
W ∗,H∗ = arg min

W,H≥0
D(X||WH) (1)

where X is an observed matrix and W and H are element-wise nonnegative factor matrices
such that the divergence D is minimized [1]. When D is selected as the information divergence,
D(p||q) =

∑
i pi log pi − pi log(qi) − pi + qi, we obtain the Kullback-Leibler (KL)-NMF. When

X is a count matrix, i.e., entries Xij are nonnegative integers, the model may also be referred as the
Poisson factorization model as the negative log-likelihood of the Poisson intensity Λ = WH is, up
to constant terms, equal to the information divergence. More precisely, if

Xij |W,H ∼ PO(Xij ; Λij) Λij =
∑
k

WikHkj , (2)

the log-likelihood is LX(W,H) = −D(X||WH) + const. Using the technique of data augmenta-
tion, we can introduce a new set of latent variables that can be organized as a tensor S where each
entry of the tensor is conditionally Poisson distributed with

Sijk|W,H ∼ PO(WikHkj) Xij =
∑
k

Sijk ≡ Sij+. (3)

Thanks to the superposition property of the Poisson distribution [2], the marginal model is exactly
equal to (2). The hidden tensor S can be interpreted as a latent decomposition of the observed count
matrix X , the sum of slices S::k. One advantage of introducing the hidden tensor S is that one
can use standard statistical data augmentation procedures such as Expectation-Maximization (EM)
algorithm for maximum likelihood parameter estimation or the Gibbs sampler for directly sampling
from the posterior distribution p(W,H|X), provided a suitable prior p(W,H) [3]. For example, the
popular multiplicative updates of KL-NMF [1] can be shown to be an EM algorithm for maximizing
the log-likelihood log p(X|W,H) in W,H with S as the latent variables [4].
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Figure 1: Allocation model of Bayesian KL-NMF. Each cell of the I×J×K tensor S contains Sijk

balls and each fiber Sij: has a total of Xij = Sij+ balls. We view S as a counting measure with well
defined marginals and associated entropies. To maximize p(S), the marginals S+:: and S:+: (with
elements S+jk and Si+k respectively) should have low entropy, whereas S++: and S (with elements
S++k and Sijk) should have a high entropy.

2 Bayesian NMF as an Allocation Model

The probabilistic interpretation of KL-NMF leads naturally to a variety hierarchical models, by
different prior choices. One obvious choice is independent Gamma priors of form Wik ∼ G(·)
and Hik ∼ G(·) [4, 5], as these are conjugate to a Poisson likelihood. However, this symmetric
formulation inherits a drawback. In the augmented model, the conditional density p(W,H|S) =
p(W |H,S)p(H|S) is not available in a convenient closed form and further approximations are
needed. As revealed by the analysis provided in the supplementary [6], this problem is due to
the scaling redundancy in the model, also present in the original formulation of NMF [1]: For any
scalar κ ̸= 0, WH = (κW )(H/κ). To avoid the scaling redundancy, we will parameterize the
intensity matrix Λ as

Λij = Lj

∑
k

WikHkj = Lj(WH)ij

and will assume that columns ofW andH are normalized – in fact NMF is typically used in practice
with this normalization. We will assume the observation model in (3) with the following prior model

Lj ∼ G(a, b) W:k ∼ D(α) H:j ∼ D(β) (4)

where D(α) is the Dirichlet distribution with parameter vector α and we use the APL/Matlab nota-
tion “:” to denote an entire vector over a given index. In this construction, one could think of WH
as a conditional probability table: a matrix where each column is nonnegative and is normalized. To
arrive at a nonnegative intensity matrix we scale each column by a positive scalar Lj . With this new
formulation, Sijk is conditionally distributed with PO(WikHkjLj).

The advantage of the proposed formulation hinges on a simple observation: since the columns of W
and H sum up to 1 by the property of the Dirichlet distribution,

∑
i

∑
kWi,kHk,j = 1 for all j.

This simple observation reveals that the cross terms cancel in the Poisson likelihood and that it
is possible to obtain a factorization of the posterior, which is not obvious from the corresponding
hierarchical model. We can show that the joint distribution admits the following factorization:

p(S,W,H,L) =
(∏

k
p(W:,k | S)

)(∏
j
p(H:,j | S)

)(∏
j
p(Lj | S)

)
p(S), (5)

p(Lj | S) = G (a+ S+j+, b+ 1) , p(W:,k | S) = D (α+ S:+k) , p(H:,j | S) = D (β + S+j:) .

More importantly, the marginal p(S), that we call an allocation model, has also a closed form as

p(S) = CX exp(ℓ(S)) (6)

CX =

(
Γ(α+)∏
i Γ(αi)

)K (
Γ(β+)∏
k Γ(βk)

ba

Γ(a)

)J

(b+ 1)−(aJ+S+++)
∏

j

Γ(a+ S+j+)

Γ(β+ + S+j+)

ℓ(S) =
∑

k

∑
i
log Γ(αi + Si+k) +

∑
j

∑
k
log Γ(βk + S+jk) (7)

−
∑

k
log Γ(α+ + S++k)−

∑
i

∑
j

∑
k
log Γ(Sijk + 1) (8)
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Here Γ(x) is the gamma function [7] and ψ(x) = d log Γ(x)/dx is the digamma function [8]. The
detailed derivation is given in the supplementary repository [6]. We define various marginals as
Xij =

∑
k Sijk ≡ Sij+, S+j+ ≡

∑
ik Sijk, S+++ ≡

∑
ijk Sijk, Si+k ≡

∑
j Sijk, S+jk ≡∑

i Sijk, S++k ≡
∑

ij Sijk, α+ ≡
∑

i αi, β+ ≡
∑

k βk.

2.1 Interpretation of the proposed model

A close look at the allocation model p(S) as a prior distribution on possible latent decompositions
of X reveals an alternative perspective about the general nature of the Bayesian KL-NMF model.
We imagine a physical system, an allocation model, where a total of S+++ balls are placed into
I × J ×K bins. As Sij+ = Xij , there must be exactly Xij balls in the fiber (ij1), (ij2) . . . (ijK),
that we will refer as (ij :).

The CX term depends only on S+++ and S+j+, which are both fixed given X , and therefore CX is
constant whenX is given. The second term, ℓ(S), consists of two concave and two convex terms, (7)
and (8) respectively, all having a simple entropy interpretation by Stirling’s formula log Γ(n+1) =

n log n− n+O(log n). Terms such as −
∑N

i=1 log Γ(si) ≈ −
∑N

i=1 si log si where
∑

i si = const
can be interpreted as an entropy of a mass function defined onN cells where si is the mass allocated
to cell i. Hence, a high probability decomposition S is forced by the terms in (7) to have its marginal
sums Si+k and S+jk as concentrated as possible to a few cells while the terms in (8) force S++k

and Sijk to be distributed as evenly as possible. Intuitively, the form of the objective enforces a
by-parts representation or sparse factor matrices – this property is hidden in the matrix factorization
interpretation arguably, but is more obvious in the allocation model due to the entropy interpretation.

Interestingly, our simple observation will carry forth to other popular topic models, such as prob-
abilistic latent semantic analysis (PLSA) and LDA [9]. In fact, a special case of (6) is the target
distribution for the collapsed Gibbs sampler for LDA [10], while the fact that it extends to NMF is
in our knowledge not noted in the rich literature that mentions links between various related models
[5, 11–13]. Space constraints do not allow us to show the details of the fact that LDA and Bayesian
KL-NMF are “almost equivalent” allocation models: while LDA defines the generative model for
the individual balls, Bayesian KL-NMF defines a model on their counts.

3 Best Latent Decomposition Problem

The Best Latent Decomposition (BLD) problem is finding the mode of p(S | X)

S∗ = argmaxS::+=X p(S) = argmaxS::+=X ℓ(S) (9)
W ∗,H∗, L∗ = argmaxW,H,L p(W | S∗)p(H | S∗)p(L | S∗) (10)

Note that, once S∗ is found, the conditional distributions of factor matrices are available in closed
form. It may appear first that this formulation has a higher space complexity, as the number of
optimization variables is I × J × K in contrast to I × K + K × J of the original KL-NMF, but
it turns out that an efficient algorithm exists. We first relax the condition that S is a nonnegative
integer tensor by extending its domain to ΩX = {S ∈ R+

I×J×K | S::+ = X}. We arrive at the
following relaxed optimization problem

S∗ = arg max
S∈ΩX

ℓ(S) (11)

Then, it can be shown that by the method of Lagrange multipliers [14], the solution of S∗ is in the
form of

ψ(S∗
ijk + 1) = log(λijνikµkj) (12)

where λij , νik, µkj are nonnegative Lagrange multipliers. As ψ(Sijk+1) can be well approximated
by logSijk in (12) for large Sijk, we will now seek a solution in the form of Sijk = λijνikµkj .
Since we are restricting our attention to a subset of ΩX , optimal S having this form will give us a
lower bound. By employing the constraint X = S::+, λ can be explicitly obtained and accordingly
we can further simplify the form of S to the following expression:

Sijk = Xij
νikµkj∑
c νicµcj

(13)
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(a) (b)

Figure 2: Empirical results on the Swimmer dataset. (a) The observed image X:j and the slices S:jk

for k = 1, . . . ,K. (b) Columns of the estimated W .

This formulation lets us perform optimization by only using the optimization variables µ and ν,
without explicitly storing I × J ×K tensor S. When the hyper-parameters βk ≥ 1, gradient of ℓ(S)
w.r.t. ν and µ can be partitioned into sum of positive and negative terms:

∂ℓ(S)

∂νik
=
∑
j

Xijµkj∑
c νicµcj

∇L+
ijk +

∑
j

∑
k′

Xijµkj
νik′µk′j

(
∑

c νicµcj)2
∇L−

ijk′ (14)

−
(∑

j

Xijµkj∑
c νicµcj

∇L−
ijk +

∑
j

∑
k′

Xijµkj
νik′µk′j

(
∑

c νicµcj)2
∇L+

ijk′

)
(15)

where∇L+
ijk′ = ψ(βk′ + S+jk′)− ψ(Sijk′ + 1) and∇L−

ijk′ = ψ(α+ + S++k′)− ψ(αi + Si+k′),
and they are nonnegative by the monotonicity of ψ. If we define the ∇ℓ+νik

,∇ℓ−νik
as the terms in

(14), (15) respectively, and similarly define ∇ℓ+µkj
,∇ℓ−µkj

for the gradient w.r.t. µkj , they are also
nonnegative and the following multiplicative gradient ascent algorithm similar to the one in [15] can
be employed: νik ← νik∇ℓ+νik

/∇ℓ−νik
and µkj ← µkj∇ℓ+µkj

/∇ℓ−µkj
.

4 Preliminary Results and Conclusion

We challenged our model on the Swimmer dataset that contains 256 images of size 32 × 32 [16].
Even though this dataset might seem simple at first sight, it is a specifically constructed case which
KL-NMF fails to obtain ‘by-parts’ representations [16]. We compare the proposed algorithm to the
original KL-NMF algorithm [1]. However, here we can only report a subset of our results. The
detailed results of all our experiments along with our mathematical derivations are given in our
supplementary repository [6].

Various settings for the hyper-parameters result in significantly different semantic representations.
In Fig. 2, a particularly interesting case where we set K = 17, a = 100, b = 1, αi = 0.05, βk = 10
for k = 1, . . .K − 1 and βK = 60. This particular choice of α encourages the model to find a
sparse representation. Similarly this choice of βk with k = 1, . . . ,K − 1 distributes the body parts
to different slices evenly, whereas the large value of βK encourages the model to find a ’common
part’ (in this case the torso of the swimmer) that appears in all columns of X .

In Fig. 2a, we illustrate the slices S:jk, for k = 1, . . . ,K, corresponding to the decomposition of
fixed column of X:j with j = 100 (i.e. 100th image in the dataset). Similarly, Fig. 2b illustrates the
optimal W that is obtained by using the estimated S (see (5)). The results show that the proposed
approach is able to obtain a very sparse by-parts representation. Here, each slice of S:j: corresponds
to a different body part for a given image, whereas each column of W encodes the body-parts for
the whole dataset. On the contrary, [16] has shown that the original KL-NMF fails to find a by-parts
representation and generates ghosts of the torso that is contaminated to all the slices (see Fig. 2 in
[16]).

We believe that the allocation model perspective of Bayesian KL-NMF is fruitful for developing
alternative inference algorithms as well as constructing flexible and interpretable models that are
needed in many applications. A natural next step in this direction is the computation of the marginal
likelihood p(X) via sequential algorithms.
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