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INTRODUCTION & MOTIVATION
• KL-NMF problem is typically cast as a minimization problem:

W ∗, H∗ = arg min
W,H≥0

DKL(X||WH) (1)

where X is an observation matrix and W and H are element-wise
nonnegative factor matrices [1].
• It can be shown that multiplicative update rules of KL-NMF is an EM

algorithm [2] by introducing a latent tensor S having each entry is
conditionally Poisson distributed with

Sijk|W,H ∼ PO(WikHkj) Xij =
∑

k
Sijk ≡ Sij+ (2)

• The probabilistic interpretation of KL-NMF leads to a variety of hier-
archical models. One obvious choice is independent Gamma priors
of form Wik ∼ G(·) and Hik ∼ G(·) [2].
• However, these formulations present scaling redundancy, i.e. for any

positive scalar κ,
WH = (κW )(H/κ) (3)

• The conditional density p(W,H|S) = p(W |H,S)p(H|S) is not avail-
able in a convenient closed form.
• NMF is typically used in practice with normalization.
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CONCLUSION
We believe that the allocation model perspective of Bayesian KL-NMF
is fruitful for developing alternative inference algorithms as well as con-
structing flexible and interpretable models that are needed in many ap-
plications. A natural next step in this direction is the computation of the
marginal likelihood p(X) via sequential algorithms.

BAYESIAN NMF AS AN ALLOCATION MODEL
To avoid the scaling redundancy, we propose the following model:

Lj ∼ G(a, b) W:k ∼ D(α) H:j ∼ D(β) (4)

Sijk |W,H,L ∼ PO(WikHkjLj) Xij =
∑

k
Sijk ≡ Sij+ (5)

The advantage of the proposed formulation is that the joint distribution
admits the following factorization:

p(S,W,H,L) =
(∏
k

p(W:,k|S)︸ ︷︷ ︸
Dirichlet

)(∏
j

p(H:,j |S)︸ ︷︷ ︸
Dirichlet

)(∏
j

p(Lj |S)︸ ︷︷ ︸
Gamma

)
p(S) (6)

More importantly, the marginal p(S), that we call an allocation model,
has also a closed form as

p(S) = CX exp(`(S)) (7)

`(S) =
∑

k

∑
i
log Γ(αi + Si+k) +

∑
j

∑
k

log Γ(βk + S+jk)︸ ︷︷ ︸
concave

(8)

−
∑

k
log Γ(α+ + S++k) −

∑
i

∑
j

∑
k

log Γ(Sijk + 1)︸ ︷︷ ︸
convex

(9)

CX =

(
Γ(α+)∏
i Γ(αi)

)K ( Γ(β+)∏
k Γ(βk)

ba

Γ(a)

)J

(b+ 1)−(aJ+S+++)
∏

j

Γ(a+ S+j+)

Γ(β+ + S+j+)

INTERPRETATION OF THE PROPOSED MODEL

• `(S) consists of concave and convex
terms all having a simple entropy inter-
pretation by Stirling’s approximation:
−
∑

i
log Γ(si) ≈ −

∑
i
si log si

where
∑
i si = const.

• S is forced by the concave terms to have Si+k and S+jk as concen-
trated as possible to a few cells while convex terms force S++k and
Sijk to be distributed as evenly as possible.

• Intuitively, the form of the objective enforces a by-parts representation
or sparse factor matrices.

• Equivalance with PLSA and LDA [3].

BEST LATENT DECOMPOSITION (BLD)
• BLD problem is finding the mode of p(S | X):

S∗ = arg maxS::+=X p(S) (10)
W ∗, H∗, L∗ = arg maxW,H,L p(W | S∗)p(H | S∗)p(L | S∗) (11)

• Relaxation: S is a nonnegative integer tensor, but if we extend its
domain to ΩX = {S ∈ R+

I×J×K | S::+ = X}, it can be shown that by
Lagrange multipliers method, the solution of S∗ is in the form of

ψ(S∗
ijk + 1) = log(λijνikµkj) (12)

where λij , νik, µkj are nonnegative Lagrange multipliers.

APPROXIMATE BLD ALGORITHM
• By the inspiration of the form in (12), seek a solution in the form of

Sijk = λijνikµkj (13)
• Since we are restricting our attention to a subset of ΩX , optimal S

having this form will give us a lower bound.
• Employing the constraint X = S::+ simplifies the form of S:

Sijk = Xij
νikµkj∑
c νicµcj

(14)

• Gradients of `(S) are the difference of two nonnegative matrices:
∇`νik = ∇`+νik −∇`

−
νik

∇`µkj
= ∇`+µkj

−∇`−µkj
(15)

• Multiplicative Updates
νik ← νik∇`+νik/∇`

−
νik

µkj ← µkj∇`+µkj
/∇`−µkj

(16)

EXPERIMENTS
• Synthetic Data Experiments

Sparseness log p(S)

KL-NMF 0.45 -239.2
BLD-NMF 0.50 -229.5

Table 1: Average results on 1000 randomly generated 8× 10 matrices. (K = 2,
a = 40, b = 1, αi = 1, βk = 1)

• Swimmer Dataset [4]

Figure 1: (Top) Hidden slices of the estimated S tensor for the 100th sample.
(Bottom) Columns of estimated W , hidden representations. (K = 17, a = 100,
b = 1, αi = 0.05, βk = 10 for k = 1, . . . ,K − 1 and βK = 60)

• The results show that the proposed approach is able to obtain a very
sparse by-parts representation.


