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Consistency of ELBO maximization for model selection

Badr-Eddine Chérief- Abdellatif BADR.EDDINE.CHERIEF.ABDELLATIFQENSAE.FR
CREST, ENSAE, Université Paris Saclay

Abstract

The Evidence Lower Bound (ELBO) is a quantity that plays a key role in variational in-
ference. It can also be used as a criterion in model selection. However, though extremely
popular in practice in the variational Bayes community, there has never been a general
theoretic justification for selecting based on the ELBO. In this paper, we show that the
ELBO maximization strategy has strong theoretical guarantees, and is robust to model
misspecification while most works rely on the assumption that one model is correctly spec-
ified. We illustrate our theoretical results by an application to the selection of the number
of principal components in probabilistic PCA.
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1. Introduction

Approximate Bayesian inference is at the core of modern Bayesian statistics and machine
learning. While exact Bayesian inference is often intractable, variational inference has
proved to provide an efficient solution when dealing with large datasets and complex prob-
abilistic models. Variational Bayes (VB) aims at maximizing a numerical quantity referred
to as Evidence Lower Bound on the marginal likelihood (ELBO), and thus makes use of
optimization techniques to converge faster than Monte Carlo sampling approach. Blei et al.
(2017) provides a comprehensive survey on variational inference. Although VB is mainly
used for its practical efficiency, little attention has been put towards its theoretical proper-
ties during the last years. While Alquier et al. (2016) studied the properties of variational
approximations of Gibbs distributions used in machine learning for bounded loss functions,
Alquier and Ridgway (2017); Zhang and Gao (2017); Wang and Blei (2018); Bhattacharya
et al. (2018); Chérief-Abdellatif and Alquier (2018) extended the results to more general
statistical models.

At the same time, model selection remains a major problem of interest in statistics that
naturally arises in the course of scientific inquiry. The statistician aims at selecting a model
among several candidates given an observed data set. To do so, one can perform cross
validation or maximize a numerical criterion to make the final choice. In the literature,
penalized criteria such as AIC and BIC are popular. While AIC aims at optimizing the
prediction performance, BIC is more suitable for recovering with high probability the true
model (when such a model exists). Thus, it is necessary to define a criterion suited to a
given objective. Meanwhile, a non-asymptotic theory of penalization has been developed
during the last two decades using oracle inequalities, and offers a simple way to assess the
quality of a given model selection criterion.
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Blei et al. (2017) states that ”the [evidence lower| bound is a good approximation of the
marginal likelihood, which provides a basis for selecting a model. Though this sometimes
works in practice, selecting based on a bound is not justified in theory”. Since then, authors
of Chérief-Abdellatif and Alquier (2018) have provided an analysis of model selection based
on the ELBO in the case of mixture models. We extend their result and show that it
still holds in the general case of independent and identically distributed (i.i.d.) data. We
provide an oracle inequality on the ELBO criterion that justifies the consistency of ELBO
maximization when the objective is the estimation of the distribution of the data, and we
briefly explain how it can lead to consistency rates for probabilistic principal component
analysis.

2. Framework

Let us introduce the notations and the framework we adopt in this paper. We consider
a collection of i.i.d. random variables X7,...,X,, distributed according to some probability
distribution PY in a measurable space (X, X). We denote X7" = (X1, ..., X;,). We consider a
countable collection {M /K € N*} of statistical mixture models Mg = {Py, / 0k € Ok}
where O is the parameter set associated with index K. We make no assumptions on O ’s
nor on Fy, . Parameter spaces may overlap or have inclusion relationships.

We use a Bayesian approach, and we define a prior 7 over the full parameter space
Uken+*Ox (equipped with some suited sigma-algebra). First, we specify a prior weight 7
assigned to model Mg, and then a conditional prior IIx(.) on O € Ok given model Mg:

The Kullback-Leibler divergence between two probability distributions P and R is

[log (4£) dP if R dominates P,

+o00 otherwise.

uam:{

We also remind that the a-Renyi divergence between P and R is equal to

—Llog [ (%)a—l dP if R dominates P,

+o00 otherwise.

Dy(P,R) = {

We define the tempered posterior distribution 7, (.| X{") on parameter 0 € Ok given
model Mg using prior IIx and likelihood Ly,:

TR (A0 | XT) oc Ly (0x ) T (dfg ).

This definition is a slight variant of the regular Bayesian posterior (for which o = 1) that
is more robust to model misspecification, see Griinwald and Van Ommen (2017).

The Variational Bayes approximation 7, (.|X{) of the tempered posterior associated
with model K is then defined as the distribution into some set Fx that maximizes the
Evidence Lower Bound:

ﬁff’a(.]Xf) = arg max {a/ﬁn(HK)pK(déK) - IC(pK,HK)}
PKEFK
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where the function inside the argmax operator is the ELBO Lk (px). In the following, we
will just call ELBO L(K) the closest approximation to the log-evidence, i.e. the value of
the ELBO evaluated at its maximum:

LK) =a / 008 FE L (d0xc | XT) — KC(FEL(|XT), THk).

In the variational Bayes community, researchers and practitioners use the ELBO L(K)
in order to select the model from which they will consider the final variational approximation
7K (|XT), as stated in Blei et al. (2017). We propose to consider a penalized version of

the ELBO criterion )
K = argmax {E(K) —log <> }
K>1 TK

which is a slight variant of the classical definition. Nevertheless, note that taking a uniform
distribution over the prior weights mx’s on a finite number of models leads to maximizing
the ELBO as recommended in Blei et al. (2017). We will discuss later the case mx = 27K
for a countable collection of models. Note that the penalty term is not just an artefact in
order to ease the theoretical proof, but it is a complexity term that reflect our prior beliefs
over the models.

We will provide in the next section a theoretical justification to such a selection criterion
and derive an oracle inequality for ﬁfga(.|X 1) in the spirit of the one in Chérief-Abdellatif
and Alquier (2018).

3. Main result

Theorem 1 For any o € (0,1),

E[ / Da<P9,P0>ﬁ£fa(d0|X?)]

’C(PK,HK)} N log( ;) }

< inf { inf { - /’C(PO>P0K)PK((19K)+ n(l—a) n(l— )

T K>1 | preFr |1 —«

Moreover, as soon as there exists Ko € N* and §° € O, such that P° = Py, for which
there exists r, such that there is a distribution pi,n € Fk, such that:

/K(PO7P0KO)PKO,n(d9KO) <rp and K(pk,n HK,) < nry, (3.1)

then for any o € (0,1),

1
_l+a  loe(Eg)

0\~ K n
E|:/DQ(P9,P )7rn7a(d6’|X1) Ty + n—a)

T 1l-«o

A few words on the assumptions of Theorem 1. First, the existence of Ky and §° € © Ko
such that PY = Py, is equivalent to the existence of a true model My, to which the
true distribution PY belongs, while Condition 3.1 is standard to study concentration of the
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posterior in the Bayesian community, see Alquier and Ridgway (2017); Chérief-Abdellatif
and Alquier (2018).

The oracle inequality in Theorem 1 shows that the selected variational approximation
is adaptive. This means that when there exists a true model M, i.e. that there exists Ky
and #° € © K, such that PO = Py, , even if K is not equal to Ky, then the convergence rate
of Py to P® under 7, (.|X]) is as good as if we knew PY (as soon as the penalty is lower
than r,, which is the case for prior weights used in practice). Note that the estimation of
such Kj is a different task that would require identifiability assumptions that are stronger
than those in our theorem, and that our result is robust to misspecification. We can also
see that the convergence rate is composed of the rate obtained when approximating the
true distribution with distributions in model Mg, and of a complexity term over the model
index set that reflects the prior belief over the different models. For example, if we range
a countable number of models according to our prior belief, and we take 7x = 27X, then
the corresponding term will be of order K/n. More generally, when % < rp, we obtain the
consistency at the estimation rate associated with the true model.

As a short example, Chérief-Abdellatif and Alquier (2018) investigated the case of mix-
ture models. For instance, authors obtained a consistency rate equal to %MKO) for
univariate Gaussian mixtures when there exists a true Kyp-components mixture model. We
study another example in the next section.

4. Application to probabilistic PCA

We consider here the probabilistic Principal Component Analysis (PCA) problem as an
application of our work. We assume the model X; = W Z;4+02I; with i.i.d. random variables
Zi ~ N(0, I), where I and I are respectively the d- and K-dimensional identity matrices
(K < d), W € R™K is the K-rank matrix that contains the principal axes and ¢? is a noisy
term that is known. We suppose here that data are centred. Hence, the distribution of each
X;is Py == N (0, WWT 4 021;). We are interested in estimating the principal axes W and
selecting the number of components K. The optimal number of components will be chosen
using the ELBO criterion and the principal axes will be estimated using the corresponding
variational approximation.

Each model will correspond to a rank K. We place an equal prior weight over each
integer K = 1,...,d. Hence the optimization problem is equivalent to maximizing the
ELBO as in Blei et al. (2017). Given rank K, we place a prior over the K-rank matrix
W to infer a distribution over principal axes. We choose independent Gaussian priors
N (0, s%I;) on the columns Wh, ..., Wi of W. We also consider Gaussian independent varia-
tional approximations N (u;, X;) for the columns of W. Then, as soon as there exists a true
model, i.e. there exists Ky and Wy € R4*¥o guch that the true distribution of each X; is
Py, = N(0, WOWOT +021;), under the assumption that the coefficients of Wy are bounded,
then Theorem 1 provides an explicit rate of convergence of our variational estimator even
when K is unknown:

E[/DQ(PW,PWO)ﬁfEa(dW\X{L)] =0 (dKOlOg(d”))

n

The proof as well as the computation of the ELBO are detailed in the appendix.
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Appendix A. Proof of Theorem 1.

First, we need Donsker and Varadhan’s famous variational formula. Refer for example to
Catoni (2007) for a proof (Lemma 1.1.3).

Lemma 2 For any probability A on some measurable space (E,E) and any measurable
function h : E — R such that fehdA < 00,

log/ehd)\— sup {/hdp—lC(p, )\)},
pEM; (E)
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with the convention oo — oo = —oo. Moreover, if h is upper-bounded on the support of A,
then the supremum on the right-hand side is reached by the distribution of the form:
ch(B)

An(dB) = ——=A(df).
We come back to the proof of Theorem 1. We adapt the proof of Theorem 4.1 in
Chérief-Abdellatif and Alquier (2018).

Proof For any a € (0,1) and 6 € Q := Ugen+Of, using the definition of Renyi divergence
and D, (P®", R®") = nD,(P, R) as data are i.i.d.:

E[exp < — arp(Pp, PY) + (1 — a)nDy(Py, PO))] =1

where r,,(Py, P°) = > log(P°(X;)/Py(X;)) is the negative log-likelihood ratio. Then we
integrate and use Fubini’s theorem,

}E[/exp ( — arp(Py, P°) + (1 — a)nDqy(Py, P0)>7r(d9)] =1

Using Lemma 2,

E[exp( sup {/<—arn(Pg,PO)+(1—a)nDa(P9,P0)>p(d9)—/C(p,w)}ﬂ =1.

peMT ()

Then, using Jensen’s inequality,

E[ sup { / ( — ary(Py, P°) + (1 — a)nD(Py, PO)>p(d9) — K(p, Tr)H <0.

pEMT (Q)

Now, we consider ﬁfl(a(]X{l) as a distribution on M (€2) with all its mass on O,
E[/ ( — arp(Py, PO) + (1 — a)nDa(Pg,P0)>ﬁ§a(de|X?) - K(ﬁﬁfa(.yx?),w)} <.
We use K(ﬁfa(.|X?),7r) = K(ﬁfa(.\X{’), IT;) 4 log(-L), and we rearrange terms:
) b K

E[/DQ(PQ,PO)ﬁ%(d@\X?)]

o [ra(Ps P g o KEEL(1X7). ) los(z0)
1—a/ n ﬂ”’a(d9|X1)+ n(l—a) n(l—a)]'

o
By definition of K,
E[/Da(Paapo)ﬁ'g(,a(de‘X?)]

o] (52 ey OB
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which gives

] [ Dutps PR (a01x7)

< ot (B[ [ O )« MRl DL e )

KeN*

and hence, by definition of ﬁff,a(.]X IR

E[ / Da<P9,P°)ﬁ§a(d0|X?)]

< inf {E[ in { o /T”(PH’PO)p(dﬁ)—I—K(p’HK)}+ 1°g(’flk)}}.

~ KeNx peFk |1 —a n n(l— «) n(l — «)

which leads to,

E[/Da(Pe,PO)ﬁf,a(d‘ﬂX?)]

<t . (B[ [ 20 o SR ]

Finally,

] [ Dutru POf X))

IC(pK,HK)} . log(+-) }

< inf{ inf { “ /K(PO,PGK)pK(dGK)+ n(l— a) n(l—a)

T KeN* | pgeFr |1 —«

The special case in the theorem is a direct corollary of the more general form.

Appendix B. Proof of the consistency rate of VB for probabilistic PCA.

Proof

We still consider the framework of probabilistic PCA in Section 4. We assume that there
exists a true rank K and a matrix Wy € R Ko with bounded coefficients such that the true
distribution of each X; is N'(0, WoW{ + 0%1,), and we place a prior Ik, = N(0, s2I,)®%0
and a variational approximation pg, = p®%0 on W given K = K{ where we denote p =
N(0, 225 14). We recall that 7 = J for any K =1, ..., d.

To obtain a rate of convergence of the VB for probabilistic PCA, we upper bound the
right-hand side of the main inequality of Theorem 1 by

[0}

K(pKo ) HKO) + log(d)

n(l —«) n(l—a)

s /K(N(O, WoWd +0°14), N(0, WWT+<72[d))pKO(d9K)+

7
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We have three terms. The last one, corresponding to the prior beliefs over the different
models, gives a rate of convergence of log(d)/n. The second one, i.e. the Kullback-Leibler
term, provides a rate of convergence of dKylog(dn)/n as:

Ko Ty Z’C< 1), N0, fm)
K() dK() dK() 10g(82)
< — Kol .
<532 g5 T 5 + dKo log(dn)

The integral is much more complicated to deal with. We will show that it leads to a
rate faster than dKylog(dn)/n. If we denote E the expectation with respect to pg,, then
the integral will be equal to:

1 _ d 1 det(WWT + o%1,)
“E|Te( (WWT + &21) Y (WoW T + 621 )] - = E[l < )
2 [r(( +otla) (WoWo +07La) 2 27 8\ Qe (WoWT + o21y)

The expectation of the log-ratio is easy to upper bound. We denote Ay, ..., Ag the positive
eigenvalues of the positive definite matrix WOW&F +021,. Then for each j =1, ..., d, Aj > o?
and using Jensen’s inequality and the log-concavity of the determinant:

E [log (det(WWT + 02Id))] < log (det (EWwW7] + U2Id)>

1
~ log <det (WoWy + 014+ anId)>
1
1
1
1 +Z og( Ndn 2)
_ d 1
log (det(WOWg + U2Id)> + Zlog <1 + )\an)
_ o= ’

I
.M&

J

I
M&

<.
Il

Il
&=

) . d
1
< E|log (det(WoWg+02[d)> + § :72
| i - /\jdn

<E log<det(W0Wg+021d)> +

and then the expectation of the log-ratio provides a rate of convergence of 1/n?:

det(WWT + o21,) 1
E|log T . 2 <5
det(WoWy + 021,) n?o

3"

The remainder can be bounded as follows:
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E [TY((WWT + o2 1) T (WoW{ + 02Id)>] —d
=E [Tr((WWT +0%1y) N (WoWy — WWT))}
< BI04 071 o < o — Wi
< V| (WWT 4 o210 x [WoWd WWTHF}

= VAE | 0umax (WoW + 02I) ™) x |[WoW{ — WWT||F]

= VAE | 0min(WoW{E + 021,) 7 x |[WoW{ — WWTHF}

< VAE|(6%) 7t x |[WeW] — WWT]F}
Vd

o2

E \WOW(}F—WWTHF]

where ||.||r is the Frobenius norm on matrices, ||.||2 the spectral norm, and opin(A4), Omax(A)
the lowest and largest singular values of a matrix A. We use the fact that for a symmetric
semi-definite positive matrix: opax (A1) = (Umm(A))_1 and omin(A + 021;) > 02, as well
as the inequality ||A|r < V/d||Al|s for any d x d matrix A.

The only thing left to do is to upper bound the expectation of the Frobenius norm of

WoW{¢ — WWT by a multiple of M. We use the triangle and Cauchy-Schwarz’s
inequalities:

E HWOW&F—WWTHF] <E

W - WWOTHF] 1E [HWWOT - WOWOTHF]

<E[ww - W0>THF] +E[||<W Wy HF}

<E||W]pw - WOHF] +E[||W WonFnWorF}

< VENWIRIENW - Woll3] +/E[IW - Wol3JE[I1Wol3]

< EIWIZIE[IW - Woll2] + [Wolley/E[IW - Woll3].

We can upper bound |Wy|r = \/2?21 Zﬁ)l(WO)%j by VdKyC where C is an upper
bound on each of the coefficients of matrix Wj.

Also, we can notice that dn?||W — W% = Zle Zsz‘)l (Vdn(W; j — (VVO),-J‘))2 is a sum
of squares of independent standard normal random variables. Thus dn?||W — Wp||% follows

a chi-squared distribution with dK degrees of freedom and its expectation is equal to dKj.

Hence:
Ky

E[|W - Woll#] = —5.
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Similarly, as W; ; — (W), is centered, we get:

E[IW2] =E[i§wfj]

i=1 j=1

d Ko

=> ZE[ — (Wo)ig)® + (Wo)2; — 2(Wo)is (Wij — (Wa)iy)
i=1 j=1

=E[|W — Woll%] + [[Woll%
KO ) 4 dKoC?

= <d02+ nQ>K0.

Thus, we obtain:

E[HWOWO WWT|} F\ﬁ,/d@

_ Ko \f dK,C
n

F

dKy

dC? +

(\fCJr > fKOC
_K‘)<2\/30+n>.

n

Hence, the order of the upper bound of the expectation of the Fobrenius norm of matrix
T T ;. VAK VdKg log(dn)
WoWy — WWT is Y220 < 0 .

n
Finally, the consistency rate associated with the integral term is dnﬁ, and the overall

dKo log(dn)
4Ky log(dn) ]

rate of convergence is

Appendix C. Computation of the ELBO for probabilistic PCA.

We consider the framework of probabilistic PCA detailed in Section 4. Given rank K,
we place independent Gaussian priors on the columns Wi, ..., Wx of W such that IIx =
N(0,5%1,)®%, and Gaussian independent variational approximations N(uj,%;) for the
columns of W. The ELBO associated with rank K and variational approximation px =
@ N (1, %) is given by:

EK(pK) = Oé/gn(W)pK(dW) - K(pK,HK).
The Kullback-Leibler term lC(pK, HK) is equal to:

dK = dKlog(s?)

1S (Tre(;) K
2;{ 223) Ms'uj log(det( ))}2+ >

10
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while the average log-likelihood [ £,,(W)px (dW) is

d l —
—?nlog(%r)—g / log (det(WW"+0%14)) pic (dW)—5 / XTWWT 4621, X; prc (dW)

where both integrals can be computed thanks to Monte-Carlo sampling approximations:
/ log (det(WWT + 01,)) pic (W) Zlog (det(WOWOT 4 521,))

and

N
/XiT(WWT +0%19) 7 X pre(dW) = S XFwWOWOT 4 62171 X,
/=1

where W WO are N ii.d. data sampled from PK-

The inverse matrix (WW7T + ¢2I,;)~! can be derived thanks to classical inversion algo-
rithms. For instance, it is possible to do so in O(Kd?) operations instead of the classical
O(d?) inversion procedure thanks to Sherman-Morrison formula: for any matrix A4 € R4*4
and vectors u,v € R? such that A 4+ uv” is invertible,

A tupT AL

Ty—=1 _ 4—1 _
(A+w' )" =4 T oTA T

We write

K K-1
WWT + 0%, =0T+ W;W] = <021 +) WjoT> + W WL
j=1 j=1

and iterate K times Sherman-Morrison formula. The first time, we apply it to A = 0?1 +
Zsz_ll WjVVjT and u = v = W, then to A = %I + Zf:_f WjoT and u =v = Wgk_1, and
so on. We finally obtain (WW7T + ¢21;)~1 = My where:

My = o1
, 72,727
{ Vj = 1,...,K, Mj = Mj,1 - W with Zj = Mj,1Wj.

In order to compute the maximum value £(K) of the ELBO associated with rank K,
one can use a stochastic gradient descent on (i1, %1, ..., K, L) that will converge to a
local maximum and will give the variational estimator for rank /K. Then, maximizing £(K)
over desired values of K leads to the optimal number of principal components and to the
associated optimal variational approximation.

11
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