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INTRODUCTION & MOTIVATION
• Tensor Decompositions:

X(iV ) ≈ X̂(iV ) =
∑

iV̄

∏
α
θα(iα), Θ∗ = arg minKL(X||X̂)

• Example (PARAFAC): X(i1, · · · , iN ) ≈
∑
r

∏N
n=1 θn(r, in)

• We propose a Poisson Process formulation unifying KL-NTF, Topic
Models and Discrete Bayesian Networks which naturally leads to a
SMC algorithm for marginal likelihood: p(X) = ∫ dΘp(X|Θ)p(Θ)
• The computational complexity of the algorithm scales with the total

sum of the elements in X , and does not depend on the size of X .
• We illustrate with examples that our algorithm gives promising re-

sults as a practical algorithm in the sparse data regime.

BAYESIAN ALLOCATION MODEL
• Bayesian Allocation Model (BAM): joint model of counts thinned

from a Poisson process by a Bayesian Network G: Tokens allocated
to a tensor S:

st ∼ PP(λ) Thinning G Allocation Tensor S(i1:N )

r

· · ·i1 iN

r1 r2 r3
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i2
i1

r

S

X

λ ∼ GA(a, b) θn ∼ D(αn)
S(i1:N ) ∼

PO
(
λ
∏

n θn(in, ipa(n))
)

• Allocation tensor is observed only in dimensions V ⊂ [N ]:
X(iV ) =

∑
iV̄
S(iV , iV̄ )

Marginal Distribution of Allocation Tensor
• By analytically integrating out the parameters:

p(S+|a, b) =
Γ(α+ + S+)

Γ(a)Γ(S+ + 1)

(
b

b+ 1

)a ( 1

b+ 1

)S+

p(S|S+, α) =

(∏
n

Bn(αn + Sn)

Bn(αn)

)
1

B(S + 1)

where Bn(Zn) =
∏
in

Γ(Z(in, ipa(n)))/Γ(
∑
in
Z(in, ipa(n))).

MARGINAL BAM AS A PÓLYA URN PROCESS

r ∼

i1 | r ∼ S1 + α1

· · ·
in | r ∼ Sn + αn

· · ·
in | r ∼ SN + αN
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• Forward Process: Replace Dirichlet θn’s with Pólya Urns

p(sτ (i1:N ) = 1 | Sτ−1) =
∏N

n=1

αn(in, ipa(n)) + Sτ−1
n (in, ipa(n))∑

i′n
αn(i′n, ipa(n)) + Sτ−1

n (i′n, ipa(n))

• Backward Process: Sampling without replacement

p(sτ (i1:N ) = 1 | Sτ ) =
∏N

n=1

Sτn(in, ipa(n))∑
i′n
Sτn(in, ipa(n))

sτ+1
V | X,SτV ∼ L(sτ+1

V |X,Sτ ) =
∏

iV

(X(iV )− SτV (iV )

T − τ

)sτ+1
V (iV )

EVIDENCE LOWER BOUND
• Mean-field factorization assumption yields with

q(θn) = D(βn) q(λ) = G(c, d) q(S(:, iV )) =M(X(iV ), π(:| iV ))

where π, c, d and βn’s are the the variational parameters.
• The evidence lower bound (ELBO) is given as

eB =
ba

dc
Γ(c)

Γ(a)

(∏
n

Bn (βn)

Bn(αn)

) ∏
i1:N

π(iV̄ , iV )−〈S(i1:N )|X〉∏
iV

Γ(X(iV ) + 1)

SEQUENTIAL MONTE CARLO

• Choose q(s1:T ) =
∏
τ L(sτV |X,Sτ−1)p(sτ

V̄
|sτV , Sτ−1)

procedure BAM-SIS(X)
Z0 = 1
S0 = 0
c = ba

(b+1)a+S+

Γ(a+S+)
Γ(a)

1
S+!

for τ = 1, . . . , T = X+ do
Sample sτV ∼ L(sτV |X,Sτ−1)
Sample sτ

V̄
∼ p(sτ

V̄
|sτV , Sτ−1)

sτ = sτ
V̄
⊗ sτV

Sτ = Sτ−1 + sτ

uτ = p(sτV |Sτ−1)
∏
iV

(
SτV+/S

τ
V (iV )

)sτV (iV )

Zτ = Zτ−1uτ

return c× ZT , S

EXPERIMENTS

• Toy Example: X =
(

2 1 1 0
0 0 1 2
0 0 1 1

)

Figure 1: (a) Histogram of particle weights. (b) SMC estimates true p(X) hence the
model order accurately, while ELBO can do so only at denser data regimes.

• Synthetic Data Experiments

Figure 2: (a) SMC with adaptive particle filtering correctly detects the generated rank
of the tensor. (b) Runtime of mean field variational inference scales with the size of X ;
whereas the runtime of SMC algorithms are independent of it.

• Modeling letter transitions (norvig.com/mayzner.html)
X(i, j) ≈

∑
r
θ0(r)θ1(i, r)θ2(j, r)︸ ︷︷ ︸

NMF≡LDA

vs. X(i, j) ≈
∑

r
θ0(r)θ1(i, r)θ1(j, r)︸ ︷︷ ︸

symmetric NMF

Figure 3: Comparison of NMF and sNMF models: As expected model likelihood (and
ELBO) for the NMF is higher than sNMF for all model orders.

CONCLUSION
• Bayesian Allocation Model, highlights the connections of nonnegative

tensor factorizations and discrete Bayes networks.
• A justification of VB in dense data regime by bringing an alternative

perspective to sample size.
• A direct explanation of the “by parts representation” nature of

NMF/NTF via self-reinforcing Pólya urns.
• It offers a natural SMC algorithm that scales with sum but not the

observed size of the tensor, hence practical for sparse tensors with
large dimensions and provides a model scoring method.


