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Abstract

Natural-gradient methods enable fast and simple algorithms for variational inference, but
currently, their use is restricted to exponential-family approximations due to computational
difficulties. In this paper, we extend the application of natural-gradients beyond exponential-
family approximations. By proposing new types of expectation parameterizations, we
derive simple updates for mixture of exponential-family approximations. Empirical results
demonstrate a faster convergence of our method compared to black-box variational inference.
Our work expands the scope of natural gradients for approximate Bayesian inference and
makes them more widely applicable than before.

1. Introduction

Variational Inference provides a cheap and quick approximation to the posterior distribution
and is now widely used in many areas of machine learning (Kingma and Welling, 2013;
Furmston and Barber, 2010; Wainwright and Jordan, 2008; Hensman et al., 2013; Nguyen et al.,
2017). In recent years, many natural-gradient methods have been proposed for variational
inference (VI). However most of them are restricted to exponential-family approximations
(Honkela et al., 2011; Hensman et al., 2012; Hoffman et al., 2013; Khan and Lin, 2017,
Salimbeni et al., 2018; Khan et al., 2018; Zhang et al., 2018). For such approximations, the
natural gradient admits a simple form and can be computed without an explicit computation
of the Fisher information matrix. Unfortunately, this simplicity does not extend to other
types of approximations, and derivation of such simple updates for a generic approximation
remains an open problem.

In this paper, we present a new approach to obtain simple natural-gradient updates for
several types of approximations outside the class of exponential-family distributions. Our main
focus is the structured approximations obtained by using the mixture of exponential-family
distributions. For such distributions, we propose a new type of expectation-parameterization
that enables the derivation of simple natural-gradient updates. We apply our method to a
variety of models. Our experiments establish faster convergence than black-box VI methods.

2. Natural-Gradient Variational Inference (NGVI)
Given a probabilistic model p(D, z) to model the data D using a latent vector z, a common

choice to approximate the posterior is to employ an exponential-family approximation:
p(z|D) = q(z|A;) := h.(z)exp [(¢,(2),A.) — A.(A,)], where ¢ denotes the approximating
distribution, A, is the natural parameter, ¢, (z) are the sufficient statistics, A,(A,) is the
log-partition function, and h, is the base measure. The approximation can be estimated



by maximizing the variational lower bound £(A,). This optimization can be carried out by
either using gradient-descent (denoted by BBVI) or using natural-gradient method (denoted
by NGVI) as shown below:

BBVI: A, < A; +aV,y L(A,), NGVE X, <« X + 8 [F.(\)] 'V LX), (1)

where V denotes the gradient, F,(A;) is the Fisher information matrix (FIM) with respect
to the natural parameters, and «, 3 are scalar learning rates. The FIM is assumed to
be invertible. In general, BBVI is computationally cheaper to perform and scales well to
large data by using stochastic approximations of the gradients (Ranganath et al., 2014).
However, NGVI could be simpler to compute than BBVI for some cases, e.g., in the stochastic
variational inference (SVI) algorithm (Hoffman et al., 2013).

In general, a simple update can be obtained by using the expectation parameter of a
minimal exponential family (Wainwright and Jordan, 2008) defined as m () := E, [¢,(z)] =
V. A(A;). The FIM is invertible in the minimal exponential family. As shown in Khan and
Nielsen (2018), the NGVI update can then be expressed as follows:

NGVI for Exp-Family: A, < X, 4+ 8 Vi, L(A2), (2)

where the gradient is computed with respect to m,. When the gradient with respect to m,
is easier to compute than the gradient with respect to A., we get a simpler algorithm that
can also potentially converge faster. This approach has been used in some recent works to
derive simple natural-gradient updates (Hensman et al., 2012; Khan and Lin, 2017; Khan
et al., 2018; Salimbeni et al., 2018).

Unfortunately, when the approximations are not exponential-family distributions, the
NGVI update may not be written in the form (2). This is because there may not even
be a notion of the expectation parameter since the distribution may not be describable by
sufficient statistics. This work addresses this issue for some types of non-exponential-family
approximations and derives simple natural-gradient update similar to (2).

3. NGVI for Mixtures of Exponential-Family Distributions

We consider the mixture distributions ¢(z) := [ ¢(z|w)g(w)dw where ¢(w) is a mixing
distribution that takes an exponential-family form as shown in (3) and ¢(z|w) is the mixture
component that takes the conditional exponential-family distribution as shown in (4).

w(W) exp [(@y, (W), Aw) — Aw(Aw)] (3)
Z(va) exXp [<¢z(zaw)7>‘2> - AZ(A»%W)] . (4>

q(WlAy) :=h
q(z|lw, ;) :==h
Note that, in g(z|w, A,), the sufficient statistics ¢, (z, w) and log-partition A, (., w) depend
on w. However, conditioned on w, the distribution is an exponential family parametrized by
natural parameter \,. Therefore, this is a type of conditional exponential-family distribution
(Xing et al., 2002; Liang et al., 2009; Lindsey, 1996; Feigin, 1981). We will give examples of
this family soon, but first we define the FIM of ¢(z, w). Denoting the set of natural parameters
by X = {A;, Ay}, we can define the following FIM: F,.(A) := —E,. ., [V?\ log q(z, w)] The
FIM is defined by using the joint distribution of z and w, and it is different from the one
defined over the marginal distribution ¢(z). We also assume the minimality holds in g(w]|Ay)
and ¢(z|w, A;) so that the FIM is invertible. The minimality is discussed in Appendix A.
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We consider the natural gradient in the Riemannian metric defined by F,.(A). To
simplify the natural-gradient update, we define the following expectation-parameters:

m(Az, Aw) = By [€:(2,W)], muw(Aw) = By [fy, (W] (5)

Denote the set of expectation parameters by m := {m,, m, }. The following theorem states
our main result regarding the computation of natural gradients.

Theorem 1 The natural-gradient update X < X+ B [Fy-(X)] "' VAL(A) can be performed
by using the following two updates which use the gradient with respect to m, and my,:

A A+ BV LA, Aw < Ap + 8 Vi, L(N). (6)

A proof-sketch is given in Appendix A. The following examples show the simplicity of the
proposed update (6).

Example 1 (Finite Mixture of Gaussians) The first example is regarding a finite miz-
ture of Gaussians: q(z) = Zle q(zlw = ¢)q(w = ¢) where q(z|w = ¢) := N (z|p,, ;) and
q(w = ¢) = 7, with 3", . = 1. The natural-parameter X, := {E; 'y, — 33| and the
sufficient statistics is ¢,(z,w) := {I.(w)z, I.(w)zz" } | where 1.(w) is an indicator taking a
value 1 when w = ¢ and 0 otherwise. The mizing distribution q(w) is a categorical distri-
bution with Ay, = {log I= Kb and ¢y (w) == {I.(w) Y51 The parameters m, for the c-th
component are simply equal to the mean parameter of the Gaussian N (z|p., X.) multiplied
by me, and my, := {7, f:_ll. The gradient can be computed using the reparameterization trick.
Figure 1 demonstrates the fast convergence of our algorithm over BBVI. This result can be

extended to a finite mixture of exponential-family distributions discussed in Appendiz B.

Example 2 (Multivariate t-distribution) The second example is the multivariate Stu-
dent’s t-distribution which can be expressed as a scale mixture of Gaussian distribution:
q(z) = [ q(zlw)g(w)dw = [ N (z|p, wE) InvGam(w|a, a)dw. The natural parameter and the
sufficient statistics of q(zlw) are A, = {7 'p, -1} and ¢.(z,w) = {wlz,w 22T}
These quantities for q(w) are Ay := a and ¢y (w) := —1/w — logw. The expectation parame-
ters defined in (5) are m, := {p, ppu” + X} and my, = —1 —loga + ¥(a), where 1 is the
digamma function. Since m, are essentially the expectation parameters of a Gaussian, the
gradient with respect to them can be computed by adapting methods described in Khan et al.
(2018). The resulting update can be expressed as a perturbed Newton update. The update with
respect to my, can be easily computed using the chain rule. The full update and experimental
results are included in Appendix C and G, respectively. This result can be generalized to
the general class of scale mizture of Gaussian distributions. Note that the joint distribution
N (z|p, wE)InvGam(w|a, a) indeed is a curved exponential family (Lehmann and Casella,
2006) as shown in Appendixz C. Ezisting methods such as Khan and Lin (2017); Khan et al.
(2018) cannot be directly used.

4. Extension to Multi-Linear Exponential Family

The mixture distribution discussed above is a hierarchical distribution that contains one
block of parameters at each level. We can extend our approach to a distribution with multiple
blocks of parameters at a single level. Suppose we divide the vector X := {A1,A2,..., AN}
where A; is the j-th block of parameters. We consider a family of distribution, which takes the
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Figure 1: This figure demonstrates a fast convergence of NGVI over BBVI to approximate the posterior distribution
of Bayesian logistic regression. We use a mixture of Gaussians with full covariance matrix as the approximating
distribution. The number indicates the number of mixture components used. The plot shows the KL obtained using
10 MC samples, where p is the true posterior. For both algorithms, we used full-batches by using 20 MC samples
to compute stochastic approximations. For BBVI, we use the Adam optimizer. We can see that our method is faster
than BBVI using Adam. The main reason behind this is the simplicity of the natural-gradient update where we do not
need to maintain a separate scaling vector for mean and covariance of the Gaussian, unlike Adam. This is similar to
the Variational Adam method of Khan et al. (2018) and Zhang et al. (2018) which has a simpler update than Adam.

following form: ¢(z|A) = h,(z)exp [f (z,A) — A.(A)] with f(-) being a multi-linear function
of Aj, i.e., for all j, there exist functions ¢; and r; such that f is linear with respect to Aj;,
ie., f(z,A) == (Nj, 05 (z,A_j)) + 1 (2, A_;), where A_; is the parameter vector containing
all A except Aj. We call this family the multi-linear exponential family. Obviously, an
exponential family distribution parametrized by its natural parameter is a member of the
multi-linear exponential family.

First, we define the natural parameter for the j-th block as A;. The expectation parameter
can be defined in a similar fashion as the mixture case. The expectation parameter for
the j-th block is defined as m;(\) := E,, [¢; (2, A—_;)]. By defining an FIM for the j-th

block as F;(A) := —E,., Vij log q(z])\)], we can perform a block natural-gradient update:

AN+ B [F;N)]'V A, £(A). Similarly, we assume the minimality holds for all blocks
so that F;(X) is invertible. The following theorem establishes an update by using the
expectation parameter m;.

Theorem 2 The above block natural-gradient update can be performed by using the following
sequential update Xj <= Xj + B Vi, L(X).

The proof of this theorem is similar to Theorem 1. More theoretical results can be found in
Appendix E and F. The following example shows the simplicity of the proposed update (6).

Example 3 (Matrix-Variate Gaussian (MVG)) As shown in Appendiz D, the MVG
distribution MN (Z|W,U, V) can be written in the multi-linear form. The natural-gradient
update is also derived in Appendiz D and below we summarize the update. We first expressing
the lower bound as L(A) = E4[—h(Z)]. Under the Gauss-Newton approximation (Graves,
2011), the block natural-gradient update is,

W« W-3UGY, U '«U'+RKGVGT, V'V '48GTUG, (7)

where we sample Z from the MVG distribution and evaluate the gradient G := ¥V zh(Z). These
updates extend the Newton-like update obtained in Khan et al. (2018) to MVG approximations.
The gradient G is pre-conditioned, which is very similar to other preconditioned algorithms,
such as K-FAC (Martens and Grosse, 2015; Zhang et al., 2018) and Shampoo (Gupta et al.,
2018). The update can be extended to Tensor-Variate Gaussian (Ohlson et al., 2013).
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Appendix A. Proof of Theorem 1

The NGVI update of (6) updates the parameters A, and A, separately. This is possible
because the FIM is in fact block-diagonal. The following lemma states this result.

Lemma 3 The FIM F,,(X) is block-diagonal with two blocks:

_ | F(N) 0
with the blocks defined as follows:
F.(A):=-E,.., [Viz log q(z|w,)\z)] , Fu,(Ayw) = —E,u [V?\w log q(w|)\w)] 9)
Proof By definition of FIM, we have
Fuz(A) = —Eyum [Vi log ‘J(Z7W\)\)] (10)
_ & V?\z log q(z, w|A) Vi, V. logq(z, w|A) (1)
1V V).V, logg(z, wlX) V3 logg(z, wiA)
_ & V3. (logq(zlw, ;) +log q(w|Ay)) Vi, Va. (logq(zlw, A;) + log g(w|Ay))
1V VAV, (log g(zlw, X;) +logg(wlAy,)) V3, (logg(z|w, ;) +log g(w|Ay,))
(12)
B (V3 logq(z|lw, X,) 0
= *Eq(z,w‘/\) I O viw 10gq(w|Aw) (13)
_ By [V3, logg(zlw, X)) 0
= 2 (14)
0 Eyuin [V3, 108 2(W[Ay)]
_[Fe(N) 0
-7 i) (19)
where we can move from step 12 to step 13 since A, and A, are not tied. |

By Lemma 3, the updates can therefore be carried out separately. The updates for A,
can be expressed in terms of its mean parameters by using the results of Khan and Nielsen
(2018) because g(w) is an exponential family distribution. Therefore, we only need to derive
the update for A,. The following theorem states that the corresponding FIM can be written
as the derivative of m, with respect to A,.

Lemma 4 The FIM matriz ¥, is equal to the derivative of the expectation parameter m,(X):

F.(A) :==V,ym,(\) (16)
Proof Recall that
Equwm [V, log q(z, wA)] = Ey.upy [V, log g(z|w, A;)] (17)
= By [[Va.q(z[w, A2)] /q(z[w, A,)] (18)
= Eyuin) [Va.q(z[w, A2)] (19)
= V. Egeup [1] (20)
=0 (21)



Since q(z|w, A;) = h,(z,w)exp [(¢,(z, W), A;) — A.(A;, w)], we have

0 =E,.up [V, logq(z, wlA)]

= Eq(zwm [V, log q(z|w, A,)]
Eyum [V, (loghz(z, W) + (@, (2, W), Az) — Az (Az, W))]
Eyeu [V, ((62(2, W), Az) — A2 (Az, W)
Eocupy [62(2, W)] = Egieuny [Va, A2 (A2, W)

=m; — E. o [V Az (Az, W)

= — E i) [V, Az( Az, W)]
Therefore, we have
F.(A) =-E,.. [Viz log q(z|w, )\Z)]
= —E;up) [Viz (loghy(z,w) + (¢p,(z, W), A;) — AZ()\Z,W>)]
= Eyeupy [V3,A:(Az, W)
= II:‘jq(w\*w [vg\zA ()‘va)]
- v)\zE (w]Aw) [v)\zAz(AZWW)]

=V, m,

Using this result and applying chain rule, we can write the following:

F.(A) [V, LA)] = Va,m:(A) [V, LA)] = Vi, L(A)

(35)

If the FIM is invertible, we can express the natural-gradient with respect to A, as the
gradient with respect to m,. The following lemma establishes the conditions under which
the FIM is invertible. This condition is just a sufficient condition. There are cases where the

FIM is invertible but the condition does not hold.

Lemma 5 Let’s denote the probability space of q(w) by . If there exists an area S C )
such that S is a non-zero measure and q(z|w) is a minimal exponential-family distribution

for allw € S, then F,(X) is invertible.

Proof Conditioned on w, we know that ¢(z|w) is an exponential-family distribution as

shown below.
q(zlw) = h,(z,w)exp [(¢,(z, W), A;) — A(A;, W)]
Note that
E, o) [Viz log q(z|w, Az)}
:EQ(ZIW) [v/\z [¢z(za W) - V)\ZAz(Aza W)H
=By [~V3,A:(Az, W)
=— Vi A(A,w)
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V)\z Q(Z|W?>\Z)

Let’s denote e, = . Conditioned on w, we have

(I(le’)\z)
Vi A.(As,w) (41)
=—E,.u [V3, log q(z|w, A,)] (42)
V)\ Q(Z‘Wa Az)

= By |V, [ 22220 43
q(z|w) |: Az < q(z|w,)\z) ( )

V3. a(zlw, X;)
=—E | —2— " —e.el 44
q(zlw) q(z|w, 1) €€, (44)

V3. a(zlw, X;)
=E -t - E . r 45
a(=hw) q(z[w, A,) + By [e ez] (45)
=V3.Eyw [-1] By [e2€] ] (46)

~—_—
0

:Eq(z\w) [ezeZ] t 0, (47)

where we use the chain rule to move from step 43 to step 44.

Since ¢(z|w) is a minimal exponential-family distribution for all w € S, by Proposition 3.1
of Wainwright and Jordan (2008), we know that A,(\,, w) is strictly convex with respect to
A, given w € S is known, which implies that ViAZ(}\Z,W) = 0.

Using Eq. 32, we have

F.A) =—-E, .. [V%\Z log q(z|w, )\Z)] (48)
= Eq(me) [vizAZ()‘Zv W)] (49)

Given any nonzero vector a, we have

alF.(A)a (50)
—aT W 2 W )W W 2 W)W | a
=l | [ v A w9 A O wid 61)
—/ q(w|hy) [a” (V3. A.(As, w)) a] dw + / q(w|hy) [aT (V3 A.(Az,w)) a] dw
wesS we(Q—19) A
: (52)
> [ awih) [a (T340 w)) ] dw (53)
weS A
>0. (54)

We use Eq 47 to move from step 52 to step 53. Furthermore, we use the strict convexity of
A, (X, w) with respect to A, when w € S and the nonzero measure S to move from step 53
to step H4.

Therefore, we know that F,(A) = 0 and F,(A) is invertible. [ |



Appendix B. Updates for Finite Mixture of Gaussian Distributions

Let’s consider ¢(w) = Cate(w|w) and ¢(z|w) = ExpFmy(z|A,). We assume ¢(z|w) is
(implicitly) re-parameterizable.

Lemma 6 ¢(z|w) is a conditional exponential family distribution.

Proof

q(zlw) = ) l.(w)ExpFmy(z|A.,) (55)

M=

Q
Il
—

K
— Zﬂc(w)hz(z) exp [AL . (z) — A.(X.)] (56)
c=1 . .
= h.(z) exp {Z(Hc(w)d)z(z), Az) — Z L (w)AzO‘za)} (57)
c=1 /=1
|

Firstly, we give the update for ¢(z|w). The natural parameter and sufficient statistics

{Azc}gil and {HC(w)‘pz(z)}ﬁ(:l'
The update is

Az = Az + BV, L(N), (58)

where m,, = E,., [I.(w)p,(2)].
We consider the following model.

N
p(D,2) = [[ p(Dul2z)p(2) (59)
n=1
Let denote hy,(z) := —(logp(Dy|z) + logp(z)/N). The lower bound can be expressed as
N
L) =E,.., [ > hn(z) —logq(z, w)] (60)
nj;l p
=Eyws [— Z hn(z) — log Z T ExpFmy(z|A; ) (61)
n=1 =1
In general, Vm, L(A) can be computed
Vi LAA) = (Va, m.,) "' Vi L(A) (62)
= (Voo By Le(w)(2)]) " Vo L), (63)
where
Vo By (L)) =V, [ meaale = c)9.(2)dz (69
— [ meatahe = V. (.(2)] [V2..] da (65)

10
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V. L£(X) can be computed as below.

Zc

V., L) =V, Ey. [ Zh (66)

= V., Equ [Iogz o ExpFmy(z|A;,)
1

N
/ch)\zc ( |U1 =cC [ Zhn IOgZWC’EXPFm}I( |Az /)

da+ [ 4(a) [V, log4(2)] d2

n=1 =1 ~
0
(67)
N K
:/ch(z]w =c) |V, <— Z hn(z) — log Z wc/Eprmy(zP\Zc,)) (V.. z] dz
n=1 =1
(68)

Now, we give the update for g(w|A,) = Cate(w|w), which is an exponential family
distribution as shown below.

Cate(w|m) = exp { (Z I ( log ) + 10g7TK} ) (69)

K-1
where mg =1—->"" 7.
Its natural parameter and expectation parameter are

M = {log ~C}I5! (70)
my, = {Ey [l(w)]}5" = {7} (71)

Recall that £(A) can be expressed as

K
L) =E,.. [ Z hn(z) —log » wczEprmy(z])\ZC,)] : (72)

/=1

V. L(A) can be computed as below.

N
Vi L(A) = Vi Ey.y [— > ha(z)
n=1

K
- Vi.E llog Z o ExpFmy(z|A;,)
=1

M N K
= /q(Z\w =¢) | =) ha(z) —log ¥ moExpFmy(z|X.,)| dz + /Q(Z) [V, log q(2)] dz
L n=1

=1 J

0

(74)
S . ]
— / q(zlw=c) | = hn(z) —log Y msExpFmy(z|X.,)| dz (75)

L n=1 =1 J

Observe that in Eq 65, 68, 75, we have to use at least K MC samples to compute the
gradients for a K-mixture distribution. To address this, we propose to use importance

11



sampling to reduce the number of MC samples. The gradients are computed as below.

Vo Byl = 96.0)] = [ ate) ™ 0= (V.00 [Va A da (70)
=E,. [g(w = c|2)V.¢.(2)V )., 2] (77)
(z]w = c) > -
Vi L) = / a(2) "I =EV, | =Y h(2) —log Y moExpFmy(zlAs,) | [V, 7] dz
q(z) — =
(78)
N K
—E,, [q(w = c|z)V, (- > hn(z)—log > ﬂ'c/EXmey(zP\zc,)) V., z|, (79)
n=1 /=1
(Zlw=0c) | < .
Vi L(A) = / q(z) T2 = C [— S ha(z) —log Y noExpFmy(z|X.,)|dz  (80)
q(z) ot =
(Zlw=0c) [ < "
=E,, qw (— Z hn(z) — log Z Wc/EXmey(zP\ZC,)) (81)
n=1 =1

In the mixture of Gaussian case, we can directly compute the gradient V,,, £(X). Recall
that the natural parameters of g(zlw) are A, = {Z;'p,, —33X'},. The expectation

c=1"
parameters of q(z|w) are m; = {mcp,, me (Hopl + ) Y.
By the chain rule, we know that
1
Vine LA) = — (Vi LX) = 2V LA 1) (82)
1
Vi L) = = (Vi L(A)) (83)

Te

By the Bonnet’s and Price’s theorem, we have

N K
Vi LA) =K, |q(w = c|2)V. <— > hn(z) —log > meN(z|pe, ch)) (84)
n=1 /=1
N K
Vs LX) =3E,) [CJ(w = c|z)V2 (- > hn(z) —log > woN(z|phe, Ec/)> (85)
n=1 /=1

Appendix C. Update for Multivariate t-Distribution

In this section, we derive the update for the multivariate t-distribution. The update can
be extended to the class of normal variance-mean mixture including the scale mixture of
Gaussians.

Lemma 7 N (z|p, wE)InvGam(w|a, a), where z € R%, is a curved exponential family dis-
tribution.

12
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Proof Let Ay = —%2_1,)\2 =2 tp Az = —%,uTE_lu, A4 = —a. The distribution on
z € R%and w € Ry, can be expressed as follows.

N (z|p, wE)InvGam(w|a, a) (86)
=det (27 E) 2 exp{—4(z — )" (W)™ (2= )} exp{—) (87)
= (2rw) " Y2 w ! exp{—3(z — p)" (W) (z—p) — 1 log det(X)

— % —alogw — (logT'(a) — aloga)} (88)

= (2rw) 2w ! exp{(—327 " wzz") + (&7 g, wz) + (— "=, wh
+ (—a,w™! +logw) — [logT'(a) — aloga + & log det(X)]} (89)
= (27rw)7d/2 wt exp{ (A1, wzz") + (Ag, wz) + (A3, w1
+ </\4,uf1 + logw) — [log I'(—=Xg) + Aqlog(—Ag) — %log det(—2A1)]}, (90)

It is easy to see that the joint distribution is an exponential family distribution. Note
that Az is fully determined by A; and Ay as shown below.

A=’ E

=== )" (=)
=1 ((—2A1)’1 AQ)T Ao (91)

We know that N (z|u, wX)InvGam(w|a, a) is a curved exponential family distribution since
Ag is fully determined by A; and As.
|

We give the update for the following model where the prior over p(z,w) is a joint
distribution of a Multivariate t-Distribution. Our method can be easily applied to models
even when this is not the case. We use ¢(z,w) = N(z|p, wE)InvGam(w|a,a) as the
variational distribution. Note that when a < 1, the variance of the marginal distribution
q(z) does not exist. We assume that a > 1 such that the variance exists.

Given z € R? and w € R, we consider the following model :

N
p(D,z,w) = H p(Dy|z) N (2|0, wI) InvGam(w|ag, ap) (92)

n=1

For this model, by using the Gauss-Newton approximation of the Hessian, the NGVI update
given in Theorem 1 can be written as a weight-perturbed Newton method similar to Khan
et al. (2018).

1. Generate a sample (z., wy) ~ q(z, w|\).
2. Sample a random data example p(D,|z) and compute its gradient at z,.

g < V.logp(Dy|2) (93)

13



3. Compute a learning-rate modifier:

ue 1+ 3@~ ) =7 (2 — ) fa] (94)

(a+d/2—-1)

4. Update a for the Inverse-Gamma distribution:

a <+ (1—B2)a+ Po {ao - Q(fv_wi*)gTEg] , (95)
where we choose By such that a > 1.
5. Take a Newton-like step to update p and 3.
S« (1-51)S + fi(ugg’) (96)
pp—Bi(S+I/N)"! (g + p/N) (97)

6. Repeat until convergence.

The update of p and S is very similar to the Gauss-Newton update of Khan et al. (2018),
but here the learning rate £1 is multiplied by u. The algorithm therefore can be implemented
easily by using further approximations discussed in Khan et al. (2018).

To derive this algorithm, we prove a version of Bonnet’s and Price’s theorem for the
case when the expectation is taken with respect to a scale-mixture of Gaussian instead of a
Gaussian.

First of all, we show how to update ¢(z|w) = N (z|p, wX). The natural parameter and
the sufficient statistics of ¢(z|w) are A, = {7 p, 3271} and ¢.(z, w) = {w 'z, wlzz"}.
The expectation parameters are

m., =E,.. [w'z] =p (98)
m., =K., [w'zz"] = pp" + 2 (99)

By the chain rule, we know that
Vin., LX) = VL) =2V L(A)p (100)
Vina, L(A) = Vs L(A) (101)
Let’s denote hy,(z) := —log p(Dy|z). In the model, the lower bound £(A) can be expressed

as
N

0 =B [ b FEO s Cemtt]

The gradients of the lower bound are

N
ViLA) = VB | = D hal(z)| — p (103)
n=1
N
VsLA) = VB |— D hn(z)] — i1+ it (104)
n=1

14
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The natural gradient update is
Az < Az + 81V, L(A) (105)
Azy < Azy + 51V, L(A) (106)

Since A, = X 7'p, A, = —337!, using Eq.100,101,103,104, the update can be re-

expressed as

N
S (1= BT 428 VR | D n(z) | + A (107)
n=1
N
M p— i3 (Vqu@,w) [Z hn(2)| + H) (108)
n=1
By defining S = [£1 ~ 1] /N, we have
N
S« (1-81)S +281VsE) | hn(z) /N] (109)
n=1
N
pp— B (S+I/N) (vMEq(w) > hn(z)/N| + u/N) (110)
n=1

Now, we show the update for ¢(w) = InvGam(w|a, a). The natural parameter and the
sufficient statistics of ¢(w) are A\, = a and ¢, (w) = —w = — logw.
The gradient can be expressed as

N
Vi L) = Vi, Eyey | =D hn(2)| + a0 — a (111)
n=1
The update can be expressed in terms of a as
N
a+ (1—fa)a+ B <a0 > Vi, By [hn(z)]> (112)
n=1

While the gradient w.r.t. the expectation parameter does not admit a close-form ex-
pression, we can compute the gradient using the re-parametrization trick. Recall that the

gradient V,,, E,. ., [hn(2)] can be computed as

Vi Baeay [1(2)] = (Va,mu) ™ Vi, By [ (2)] (113)
= (Va, By [00(@)]) ™" Vi, By [n(2)] (114)
= (VaEyw [6uw()]) ™ VaEy [hn(2)] (115)

Note that V,E, ., [¢w(w)] = Vam,, has a closed-form expression.

15



Even when V,m,, does not admit a closed-form expression, we can also compute it when
¢(w) is re-parameterizable shown below. Since ¢(w) is (implicitly) re-parameterizable, the
gradient can be computed as

VB [Pw(w)] = —/InvGam(w|a, a) (Vw [wil + log w]) (Vow) dw (116)

VB, [ / / 1)) (Vo) hn(2)duwdz (117)
= //InvGam(w|a, a) (VN (z|p, wX)) (Vow) hy(z)dwdz (118)

Now, we discuss about gradient approximation. Recall that the joint distribution is
InvGam(wla, a)N (z|p, wXE). The marginal distribution is a multivariate t-distribution as
shown below

I'a+ d/2) <2a + (z — N)T -1 (z - M))—a—d/Q

I'(a) (2a)™“

q(z) = det (7x)~1/2 (119)

When a > 1, we denote the following function as u(z)

a

(atrd2—1) <1 +20)  (z—p) = (2 - u)) q(z). (120)

u(z) i= [ walafu)a(w)dw =
Lemma 8 Let h(z) be a twice continuously differentiable function and q(w) = InvGam(w|a, a),

where a > 1. If |h(2)], |2;h(2)| and |V, h(z)| are integrable for any index j and k, the fol-
lowing gradient identities hold.

VB [1(2)] = / 4(2)V.h(z)dz (121)
Vs oy [h(2)] =L / u(z)V2h(z)dz (122)

The lemma can be generalized to the case when q(w) is a generalized inverse Gaussian
distribution.

Proof

Vi, Eowopns [h / / [V, N (2|p, wE)] h(z)dwdz (123)
= —/q(w) {/ [sz/\/(z]u, wE)] h(z)dz}dw (124)
= - / q<w>{ / N (zlp, wE)h(z)dz—_;| 7277 ~ / N (zlp, wE)V2; bz >dZ}dw (125)
z—/ﬂ

zj,z—j)h(zj, 2 ,])dz,]‘z _z—i—/q(w)/N(Z|u,w2)vzjh(z)dzdw (126)
0

= /q(z)VZ].h(z)dz (127)

16
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We use integration by part to move from Eq. 124 to Eq. 125. Since |h(z)| is integrable, we
know that the first term in Eq. 126 is 0.

Similarly, we have the following result by using integration by part twice.
VZj,quwW(zw.wZ) [h(z)] = /Q(w) [sz,kN(Z|uaw2)] h(z)dwdz (128)
1 / / g(w) [WV+, Vo, N (2l pt, wE)] h(z)dwdz (129)

= ;/q(w)w/[vzk./\/'(zu,wil)] h(z)dz_ dw|z e —%//q(w)wvzk./\/'(z]u, wX)V,, h(z)dzdw

(130)
=4 [atwo [ VN (el DT hia)dado (13)
= —é/ {/N 2|, wE) V. h(z)dz | P77 — /N(Zu,wﬁ)vzkvzjh(z)dz} dw
(132)
= %/ (2k,2—1) V2, h(z)dz_1 ‘Zk +OO+2/ /N z|p, wX)V., V. h(z)dzdw
0 (133)
= %/u(z)vzkv%h(z)dz (134)

We use integration by part twice to move from Eq. 128 to Eq. 130 and from Eq. 131 to Eq.
132 . The first term in Eq. 130 is 0 since |23h(z)| is integrable. The first term in Eq. 133 is
0 since |zxh(z)| and |V h(z)| are integrable. [ |

Using Lemma 8, the update for ¢(z|w) can be expressed as

N
S (1-B1)S + BiE,, m (1+ )™ z-w" =" (@) <Z vzhn<z>/N>]
)
pp— P (S+I/N)” ( o Zv hn(z)/N +u/N> (136)

Using MC approximation, we have the following update

N
S« (1—p1)S + ﬁlm (1 +20) (e — )T = (2 — u)) (; Vg*hn(z)/N>

i p— B (S+I/N)” (sz*h /N+u/N> (138)
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Similarly, the update for ¢(w) can be expressed as

a < (1= f2)a+ B (“O_v Eow) [Pw(w)]

o il VaEyem [ (2)] /N > (139)
where
VaEqw) [w(w)] = - / TnvGam(wla, a) (Vo [w™" + logw]) (Vaw) duw (140)
VB o [ (2)] = / / v Gamn (], @) (Vo N (2l wS)) (Vaw) ho(z)dwdz  (141)

Using one MC sample, we have

Vo [pw(w)] = (0, = w; ) Vaw, (142)
Vol @)~ [ (Vo N el wS) (Vo) o) (143)
- / Tr (zvif\/(zm, 2)) (Vaws) hn(z)dz (144)
= Vaw.Tr (BVgExs [hn(2)]) (145)
_ Valurqy (SE sy [V2hn(2)]) (146)
~ Yats (2V2 ha(z), (147)

where 3 = w, ¥ and we use the Price’s theorem VExins [hn(2)] = $Exis [Viha(2)].

Appendix D. Updates for Matrix-Variate Gaussian Distribution

We first show that MVG is a multi-linear exponential-family distribution.
Lemma 9 Matriz Gaussian distribution is a member of the multi-linear exponential family

Proof Let Ay = W, Ay = U™!, and A3 = V. The distribution on Z € R%P can be
expressed as follows.

MN(Z|W,U, V) (148)
= (27) P exp [T (VHZ - W)TUHZ — W)) — (d/21og Det(V) + p/2log Det(U))]
= (27T>_dp/2 exXp {Tl“ (Ag (—%Z + Al)T A2Z>

—1 {Tr (AgAlTAgAl) + dlog Det(A3) + plog Det(Ag)] } (149)

The function Tr (Ag (—%Z + Al)T AQZ) is linear with respect each A; given others. |
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We now derive the NGVI update using our new expectation parameterization. We can
obtain function ¢1, ¢2, and ¢3 from the multi-linear function

F(Z,A) == Tr (A3 (—%Z—FAl)TAgZ). (150)
For example, we can obtain function ¢ from f(Z, A) as shown below:

F(Z,A) = (A1, AsZAs ) —3Tr (A3ZTALZ) . (151)
¢1(Z7A—1) Tl(Z,Afl)

Similarly, we can obtain functions ¢2 and ¢3. The corresponding expectation parameters of
the Matrix Gaussian distribution can then be derived as below:

Ml = EMN(ZW,U,V) [AQZA3] = A2A1A3 (152)
M; = Exwimoy [—3ZA3ZT + ZAsAT| = 3 (A1AsAT — pAST) (153)
M; = Epvomwon) [~ 327 AsZ + ATASZ] = L (AT AsA; — dASY) (154)

We can then compute the gradient with respect to the expectation parameters using chain-rule:

VanEoin [MZ)] = (A2) ™ VivEsviwos [M(Z)] (As) ™" (155)
szEQ(ZM) [h(Z)] = _p2vUEMN(Zw:U.V) [h(Z)] (156)
VMSEQ(ZW [h(Z)] = %QVVEMN(Z\VKU.V) [h(Z)] (157)

We will now express the gradients in terms of the gradient of the function h(Z). This leads
to a simple update because gradient of h(Z) can be obtained using automatic gradients
(or backpropagation when using a neural network). Let z = vec(Z) and Z = Mat(z). The
distribution can be re-expressed as a multivariate Gaussian distribution N (z|u, X), where
p =vec(W), ¥ =V ® U, and ® denotes the Kronecker product. Furthermore, the lower

bound can be re-expressed as Ej.x [—ﬁ(z)}, where h(z) = h(Z). We make use of the
Bonnet’s and Price’s theorems (Opper and Archambeau, 2009):

VuEN ) [E(Z)} = Enus) {Vzil(z)} (158)
VB | Vah(2)] = $Exs [V2h(2)] (159)
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These identities can be used to express the gradient with respect to the expectation parameters
in terms of the gradient with respect to Z:

160

Vi Eawvizmon, [h(Z)] = Mat (EMW.E) {Vzll(z)])
) 161

= EMN(Z\W,U,V) [VZh(Z ]

VB [MB)] = (Vo) VsEyi |V:h()] 162

% ViuE) Exeps [VEB(Z)}

( 163
(

Q

L (VUD) By | Vah(2) Vai(a)" | 164
1
2

(160)
(161)
(162)
(163)
(164)
= LEriviwon [V2R(Z)VV 20(Z)T] (165)
(166)
(167)
(168)
(169)

Vv 1(Z)] = (V) VsEis [Voh(2) 166

= 1 (V) By [ V20(2)] 167
(VirE) Exp [vzﬁ(z)vzh(z)’f} 168

1
2
= 1Eviviwon [V2R(Z)TUV 2H(Z)] . 169

To avoid computation of the Hessian, we have used the Gauss-Newton approximation in Eq
164 and Eq. 168 (Khan et al., 2018).

We choose the step-size as = {f1,pfB2,df2}. The update with the Gauss-Newton
approximation can be expressed as

Al — Al - /81 (AQ)_l EMN(Z\W.U.V) [th(Z)] (A3>_1 (170)
AQ — A2 + /BQEMN(ZWU.V) [th(Z)Vth(Z)T} (171)
A3 Az + BB v [V2h(Z)TUV 21(Z)] (172)

We can re-express these in terms of {W, U, V_l} to get the final updates:

W~ W — ,BlUEM,/\/(sz.V) [th(Z)] v (173)
(U)_l < (U)_l + BQEM/\/'WW,U,V) [Vzh(Z)VVZh(Z)T] (174>
(V)_l < (V)_l + /BQEMN(Z\W,U,V) [Vzh(Z>TUVZh(Z)] (175)

Appendix E. Connection to Block Mirror Descent

As discussed in Section 4, the following theorem shows that the block natural-gradient update
is indeed a block mirror descent.

Theorem 10 The block natural-gradient update is a block mirror descent.

In fact, we can perform block natural-gradient update for the class of mixture of exponential
family. The following lemmas give the proof-sketch of the theorem. Recall that j is the
block index of a variational distribution studied in this paper. We first define the function
U;i(Aj) = Eyn,n ) [45()], where A;(-) is the log-partition function of the distribution at
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block j. As shown in the following examples, ¥;(A;) is convex w.r.t. A; given A_; is known.
If W;(X;) is strictly convex w.r.t. A;, we say the minimality holds. We then define the convex
conjugate of function ¥; as below.

\II;( (X) ‘= Sup vy (Xa 77)7 (176)
n

where vj(n) = (x,1) — ¥;(n).

Example 4 (Mixture of exponential family distribution) The variational distribution
is a mizture of exponential family distribution: q(z, w|A;, Ay). When j = w, the log-partition
function is Aj(Aj) = Aw(Aw). The expectation parameter is mj = E, [¢,, (w)]. Since ¢(w)
is an exponential family distribution when j = w, we know that Ay (Ay) is conver w.r.t.
Aw. Furthermore, W;j(Aj) = Aw(Ay) is convex w.r.t. X; given A_j is known. The minimal
condition implies that q(w) is a minimal exponential family distribution. When j = z, the log-
partition function is Aj(A;) = A.(X;,w). The expectation parameter is mj = E, [¢,(z, w)].
According Eq. 47, we know that A,(X;, w) is convex w.r.t. Aj for any valid w, which implies
that W;(Aj) = Eyu) [A2( Az, W)] is convex w.r.t. Aj given X_j is known. If Lemma 5 holds,
we know that the minimal condition holds.

Example 5 (Multi-linear exponential family distribution) The variational distribu-
tion is a multi-linear exponential family distribution: q(z|A1,...,An). When j € {1,..., N},
the log-partition function is A;(A;) = A.(Aj,A_j). The expectation parameter is m; =
E, [¢j(z, A—;)]. Since A_; is known, we know that q(z|X;j, A\_;) = q;(z|\;) becomes a one-
parameter exponential family distribution. We know that W;j(X;) = Az (Aj, A_;) is convex
w.r.t. Aj given that A_; is known. The minimal condition implies that for all j € {1,..., N},
q;(z|\;) is a minimal exponential family distribution.

Lemma 11 If the minimality holds, we have
¥’ (m;) = supv;(m;,n) (177)
n
= (my, Aj) — W;(A), (178)

where X; and m; are the natural parameter and the expectation parameter of the variational
distribution at block j.

Proof We give the proof for the case when the variational distribution is a mixture of
exponential family distribution. It is easy to show the lemma holds in the multi-linear
exponential family case.

When j = w, since ¢(w) is an exponential family distribution, we know that

my, = V), Auw(Aw), (179)

which implies that m,, — VA, (Aw) = 0.
Note that the gradient of v;(m,,n) is

anj(mw, 77) = vn <mw7 7I> - \Ijj (77) =y — vnAw(n)' (180)
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When 1 = A, the gradient is 0. Since ¥;(\,,) is convex w.r.t. Ay, we know that A, is
an optimal solution. Since the minimality holds, we know that W;(\,,) is strictly convex,
which implies that the solution is unique. Therefore, ¥} (m,,) = (M, Ayw) — Aw(Aw).

———

W (my) (my, Aj) =5 (A )
When j =z, by Eq. 21, we know that
m; = vAqu(w) [AZ()‘Z7 W)] ) (181)
which implies that m, — V_E ., [A.(A;,w)] = 0. Similarly, since the minimality holds,
when A, is known, we know ¥} (m,) = (m,, A,) — E, [A,(A,, w)]. [ |
——
v (my) (my ;) =05 (A)

Now, we show that the connection between block mirror descent update and the natural-
gradient update.

Lemma 12 If the minimality holds, given that A_; = )\]ij, the following identity is true.
By (my[m?) = Dy (a(-1Ag AL [[a(INE X)) (152)
= 05N = w500) = (Va, w00), (A=) ). (183)

where B(-) denotes the Bregman divergence.

Proof

We give the proof for the case when the variational distribution is a mixture of exponential
family distribution. It is easy to show the lemma holds in the multi-linear exponential family
case. According to the duality of the Bregman divergence and Lemma 11, we have

By: (m;[m}) = By, (A}[|A)) (184)
When j = w, ¥y (Ay) = Ap(Ay). Therefore, we have the following results.

DKL(Q(27W|Aw7AI;) HQ(Z?W‘)‘ﬁM)‘I;)) (185>

=D (g(w|Aw) [ g(w|AL)) (186)

= (B [60(W)], (Aw = L)) = Au(h) + Au(A) (187)

= (mu, (Aw =A%) ) = Auw(Au) + Au(AL) (188)

:\I]w()‘]:v) - \ij()‘w) - <v)\w\yw()‘w)a (A]fu - Aw)> ( )

=By, (Al Aw), (190)

189
190

where my, = Vy, Au(Aw) = Vi, Y (Aw).
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When j =z, ¥,(A;) = E ) [A2(Az, w)]. Therefore, we have the following results.
Dyer (a(z wiA=, AL) [ (z, WAL, AL))

=D, (q(WIAL)q(zlw, X.) || g(WIAg)q(z|w, AE))

= (B [0: (2, W)] s (A = AE) ) = By [A= O, W] + By [ AN, w)

(191)
(192)
(193)
= (me, (A = Ab)) ) + () (194)
(195)
(196)

192
193

=0, (A — TN, — <VAlelZ()\Z), (A’; — A)> 195

=By, (AY[A2), 196

where m, = V) _¥,(A;) due to Eq. 181. [ |

Lemma 13 If the minimality holds, given X_; = Ak j» avalid step-size ﬁf, and the following
optimization problem

max <mjﬁm?£(>\)> IBkIBE\I,*(mJHm ), (197)

m;
the solution of the optimization problem is
AL = \E 4 RV K L(N) (198)
Proof According to Lemma 12, Eq. 197 can be also re-written as

Bkm*<m]|rm ) (199)

= (m). s L)) = a0 1A X5) a5 X)) (200)

I
o~

B
<D

wEO)) = e {(my (3= X)) - m s mah} e

Similarly, by taking the gradient of Eq. 201 w.r.t. m; to be 0, we have

0=V, {<mj, @mff,()\)> . Blk {<mj, (Aj - A§)> — (N + \Ifj(Ag?)}}
J

ES 1
:vmf[’(A) — FJk |:()\] — )\f) + (ij)\j) m; — ij\I/j()\j)] (202)
:ﬁmkﬁ()\) — ik ()\j — )\?) + (Vm].)\j) m; — (Vm].)\j) V)\j\I/j()\j) (203)
J Bj N ~ ,
=V, LX) = 7 <A - Ak> (204)
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Finally, we obtain the following solution by solving Eq. 204

N R R AP (205)

Appendix F. A Variant of Block Mirror Descent

Now, we discuss a variant of block mirror descent. Instead of sequentially performing update
block by block, we can simultaneously update all blocks at each iteration. This variant is
known as a Jacobi update. In the case of mixture of exponential family distribution, we have
the following theorem.

Theorem 14 The Jacobi update is a natural-gradient update when the variational distribu-
tion is a member of the mixture of exponential family distribution.

Proof When the variational distribution is a mixture of exponential family distribution,
according to Lemma 13, the Jacobi update is

AR = AE + BV, L(A) (206)
AETL = XE 4 BV, L(N), (207)

where 8% = gF = B. It is easy to see that the Jacobi update is the natural-gradient update
due to Theorem 1. |

Note that Lemma 3 shows that the Fisher information matrix is block-diagonal in the
case of mixture of exponential family distribution. We can generalize Theorem 15 and applied
it to the multi-linear exponential family which gives the following theorem.

Theorem 15 The Jacobi update is a scaled gradient descent update where the scaling matriz
1s a block-diagonal approximated Fisher information matriz, if the variational distribution
1s either a mizture of exponential family distribution or a multi-linear exponential family
distribution.

Proof When the variational distribution is a mixture of exponential family distribution, by
Theorem 14, the Jacobi update is a natural-gradient update. Recall that natural-gradient
update is a scaled gradient update, where the scaling matrix is the Fisher information matrix.
By Lemma 3, we know that the Fisher information matrix is block-diagonal.

Now, we consider the case when the variational distribution is a multi-linear exponential
distribution. According to according to Lemma 13, we know the Jacobi update is

AP = N4 Wm?c(x) je{l,...,N}. (208)
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Since A* ; 1s known, by the chain rule, we have

~ ~

¥, £N) = (%A§mj)_1 YN (209)

= (%)\?Eq(z\)\,.)\i]) |:¢] (z, /\]ij)} ) o §A§£(>‘) (210)

Recall that ¢(z|A;, /\’ij) is an one-parameter exponential family distribution given that A_;
is known. We have

0=E_.,., _VA]. log q(z|A;, )\Iij)] (211)
= B |V, (0502450, 00) +75(05)) = A (0, A% )| (212)
= B [65(2, X)) = Vi, A0, AE)| (213)
= B 652 X5))] = Vo A0, AL ) (214)
Let’s define
Fy, =E,.. [vijAz(Aj, AF j)} = V3 A (N AF). (215)
Due to Eq 214, we know that
VA?EW\AJM,]) [(bj (Z7 A’i])} = F)\?' (216>
Therefore, the Jacobi update is
1 .
A= aF g (F/\?) VL) j € {1, N, (217)
Recall that the Fisher information matrix of g(z|\) is
Fyr =—E, . @?\k log q(z]/\)} (218)
Viloga(zlA) - ViV logg(zlN)]
=—Epw | e (219)
Ve Vyr logg(zlX) - V?\k log ¢(z|A)
L AN M N i
—V?\;fAz(A) c ViV logg(z|A)]
=By | o s (220)
Vg Vaglogg(zd) - =V5, A:(N)
F/\If —V)\;fv)\lqu 10gq(Z‘)\)
= . . . (221)
—Vie, Vi logq(z|A) --- 1VS

From Eq 221, it is easy to see that the Jacobi update is a scaled gradient descent update
where the scaling matrix at iteration k is the block approximation of the Fisher information
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Figure 2: This figure demonstrates a fast convergence of NGVI over BBVI to approximate the posterior distribution
of Bayesian logistic regression using a scale mixture of Gaussians with full covariance matrix. The plot shows the
ELBO of the whole training set obtained using 5 x 10* MC samples. For both algorithms, we used mini-batches by

using 10 MC samples to compute stochastic approximations. M denotes that the size of a mini-batch. For BBVI, we
use the Adam optimizer. We can see that our method is faster than BBVI using Adam.

matrix as shown below.

Fye -~ 0
~ 1
Foei= |- - - (222)
Finally, it is easy to check that the scaling matrix F \k 18 positive semi-definitive. If the
minimality holds, it is positive definitive.

|
Appendix G. Results for Multivariate t-Distribution

Figure 2 shows a fast convergence of NGVI over BBVI to approximate the posterior distribu-
tion of Bayesian logistic regression with a Student’s t prior expressed as a scale mixture of

Gaussians discussed at Eq. 92. For this model, we use a scale mixture of Gaussians with full
covariance matrix as the variational distribution.
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