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Abstract

We propose a sequential Monte Carlo (SMC) approach to the dynamic softmax bandits
problem, a case of multi-armed bandits (MAB) in which rewards are categorical and the
bandit parameters evolve over time. We show how SMC can be combined with state-
of-the-art MAB algorithms (Thompson sampling and Bayes-UCB) to attain competitive
performance in dynamic softmax bandits. In the stochastic MAB setting, the reward
for each action is drawn from an unknown distribution, and to make sequential optimal
decisions, one must compute sufficient statistics of such distributions, e.g., expectations or
upper-confidence bounds (UCB). Since closed-form expressions for these statistics of interest
are analytically intractable except in special cases, we estimate them via SMC. These are
accurate enough for MAB policies to operate successfully in dynamic softmax bandits.
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1. Introduction

The multi-armed bandit (MAB) problem is named after the thought-experiment in which an
agent plays a row of slot machines, i.e., one decides which arm to play next to maximize returns
while simultanously learning the machine’s payoffs. This setting, more formally referred to
as sequential decision processes, extends to a wide range of real-world challenges that require
online learning while simultaneously maximizing some notion of reward. Bayesian modeling
of the MAB facilitates not only generative and interpretable modeling, but sequential and
batch processing algorithm development as well. Central to Bayesian MAB algorithms (such
as Thompson sampling (Russo et al., 2018) and Bayes-UCB (Kaufmann et al., 2012)) is
posterior inference. One must sample from the posterior distributions and/or calculate
expected rewards, which is cumbersome except for simple models (Korda et al., 2013).

In this work, we connect approximate Bayesian inference (sequential Monte Carlo (SMC)
in particular) with the field of reinforcement learning and sequential decision processes. We
leverage the flexibility of SMC methods (Arulampalam et al., 2002; Doucet et al., 2001; Djurié
et al., 2003), which have been successful in many applications of science and engineering
(Ristic et al., 2004; van Leeuwen, 2009; Ionides et al., 2006; Creal, 2012), to extend Bayesian
MARB algorithms to new scenarios of interest: dynamic bandits with categorical rewards.
MABs are widely used in many real-world problems, such as display advertisement and
recommender systems, to handle the inherent explore-exploit tradeoff. However, assuming
a stationary reward distribution hardly holds in practice, as users’ preferences evolve over
time; thus the need for dynamic bandits. Practical applications also often require complex
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reward functions, such as categorical distributions, to model user interactions: e.g., a user
ignores the recommended movie, clicks on the trailer, or watches the movie; a subscription
reminder is ignored, the remind-me-later button is clicked, or the user subscribes.

Our contribution here is an SMC-based MAB method that (i) approximates the posterior
softmax reward densities via random measures; and (ii) is applicable to time-varying parameter
models, i.e., dynamic bandits. We study the general linear dynamical system, and provide
the solution for the unknown parameter case, by combining Rao-Blackwellization and SMC.
We implement SMC both for Thompson sampling and UCB-based policies in bandits with
categorical contextual rewards, modeled via the softmax function.

2. Dynamic Softmax Bandits

In this paper, we study dynamic categorical bandits. Mathematically, the MAB with per-
arm stochastic reward functions and dynamic parameters is modeled via the transition
density of the dynamics, i.e., 04+ ~ p(04+|04,1:4—1), and the stochastic reward distribution
Yt ~ Da, (Y|Tt, 0a,t). For bandit problems where returns are not binary but categorical, and
contextual information is available, the softmax function is a natural modeling choice. Given
a d-dimensional context vector € R¢, and per-arm parameters 6, = {041, ,00c} for
each category ¢ € {1,---,C}, the contextual softmax reward model follows p,(y = c|x,0,) =
exp (27 04.)/ 2521 exp (276,,). In practical scenarios, one is interested in learning about
the dynamic state of the world as data are collected, i.e., as the underlying parameters of the
reward function evolve over time. A widely applicable framework for time-evolving bandits
is the general linear model, where the reward parameters 0, . € R? per-arm and category,
follow dynamics 6,0t = Lac Gact—1 + €a,c » With noise €50 ~ N (€4,|0,X0c), Lac € Rxd,
and X, . € R4 When the parameters are known the transition distribution is Gaussian,
Oact ~ N (Bact|Lacbact—1,2a,c), and we recover the celebrated Kalman (1960) filter.
For the unknown parameter case, the marginalized transition density' is a multivariate-t,
ea,c,t ~T (ea,c,t|ya,c,t7 Ma,c,t, Ra,c,t)-

A MAB policy decides which arm to play next based on the set of given contexts, played
arms, and observed rewards up to time t: i.e., the history Hiy = {y1.¢, @14, 14}, with
yie = (Y1, ,yt), a1 = (a1, -+ ,a¢), and z1.4 = (21, -+ ,2¢). In the Bayesian MAB setting,
one takes into account the uncertainty on the unknown and dynamic parameters via priors
and, as one interacts with the environment, the parameter posterior is updated: p(6q.+|H1.¢)
Par (Yt|Tt, 00.6)P(0at|Hi:t—1), where pg, (ye|zs, 04,¢) is the likelihood of the observed reward y;
after playing arm a; at time ¢. The posterior p(6,¢|#Hi.+) is necessary for both posterior
sampling and confidence interval based MAB algorithms to compute sufficient statistics of the
expected rewards of each arm; e.g., g+ = Zle ¢ pa(y = c|xt, b,,) for the softmax model.
However, p(64¢|H1:+) can not be computed in closed form for dynamic softmax bandits.

To that end, we implement Sequential Importance Resampling (SIR) as in Gordon et al.
(1993) for the MAB problem of interest: the proposal distribution matches the assumed
parameter dynamics, i.e., m(04¢) = p(64.t|04,1:1—1); weights are updated based on the likelihood
of observed rewards, i.e., pq(y¢|zt,6q,); and the random measure is resampled at every time
instant. In the bandit setting, one cares about the posterior density of the parameters at
each time instant, i.e., the filtering density p(6q.¢|#H1:+), for which there are strong theoretical

1. Details of the derivation and how to compute the sufficient statistics are provided in Appendix A .
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SMC convergence guarantees (Crisan and Doucet, 2002; Chopin, 2004). Recall that the
proposed SIR method approximates each per-arm categorical posterior separately. Therefore,
there will be no particle degeneracy due to increased number of arms.

The propagation of parameter samples in the SIR algorithm is fundamental for the
accuracy of the sequential approximation to the posterior, as well as for the performance
of the SIR-based MAB policy. The increasing uncertainty of the parameter posterior
encourages exploration of arms that have not been played recently, but may have evolved
into new parameter spaces with exploitable reward distributions. That is, as the dynamics
of unobserved arms result in broad SIR posteriors (increased uncertainty about parameters),
MAB policies are more likely to explore such arm, reduce their posterior’s uncertainty, and
in turn, update the exploration-exploitation balance. We now describe how SIR can be used
for both Thompson sampling and UCB-type policies (see Algorithm 1 for full details).

Algorithm 1 SIR for MAB

Require: A, p(04), p(0a,t10a,1:t—1)s Pa(y|x,0), M (for UCB we also require a)

1: Draw initial samples from the parameter prior 4.0 ~ p(64),Va € A , and wl™ = 1

a,0 M
Qifort:O,---,T—ldo
Receive context x¢yq
4: fora=1,---,A do
5 Estimate sufficient statistics for the MAB policy, given updated {wl(;'z)} and {9((:)';),,}

Thompson sampling:
Draw a sample index s ~ Cat (w((l";)) and propagate 9{(1'§2+1 ~ P(9a,t+1 \Qésgjt) .
Set pa,t41 =E {y‘zt+17 ggﬂ} .

Bayes-UCB:

Draw samples m ~ Cat (w

Set HELT;LI =E {y‘zt-#lv 9517;)+1} and compute qq,¢+1(at41) = max{p| Zm“":lnt+1>" w,(:z) > aty1l}-
6: end for
7: Decide next action a;y to play
Thompson sampling: a¢41 = argmaxg fg t+1
Bayes-UCB: agy1 = argmax, qq ¢4+1(Qp41)

(m)

a,t

), m =1,---, M and propagate 95;;11 ~ p(0a1t+1\0((ltq):t),

8: Observe reward y¢41 for played arm
9: Update posterior following SIR steps

(m)
a,l:t

(m)

Resample m = 1,--- , M parameters 6. a,t "

, where m is drawn with replacement according to the importance weights w
Propagate resampled parameters by drawing 95;72*_1 ~ p((-)aytJrl \5((;7;):”, m=1,---,M.
‘Weight samples based on ﬁi";lrl < p(Yet1lTesi, Gt(l";lrl), m=1,---, M.

/
Normalize weights by w((L";)Jrl = 'LE((LT;L)JFI/ fo,=1 ﬁ(anzﬁl, m=1,---,M.
10: end for

2.1. SIR-based Thompson Sampling

Thompson (1935) sampling is a probability matching algorithm that randomly selects an
action to play according to the probability of it being optimal. Thompson sampling has been
empirically proven to perform satisfactorily, and to enjoy provable optimality properties for
different reward models with and without context (Agrawal and Goyal, 2012a,b; Korda et al.,
2013; Russo and Roy, 2014, 2016). It is based on the computation of the probability of an

arm being optimal, which is in general analytically intractable. Alternatively, Thompson
(s)

at from per-arm updated posteriors

(s)

a,t>

sampling operates by drawing a sample parameter 6

P(0a,t|H1:t), and picking the optimal arm for such sample; i.e., af = argmax, y, ;, where

ugsz = Ea{yt]xtﬁsz}. In Algorithm 1, we propose to draw from the SIR-based random

measure instead, as it provides an accurate approximation to the true parameter posterior
with high probability.
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2.2. SIR-based Bayes-UCB

Bayes-UCB (Kaufmann et al., 2012) is a Bayesian approach to UCB algorithms, where
Bayesian quantiles are used as proxies for confidence bounds. Kaufmann et al. (2012) have
proven the asymptotic finite-time regret optimality of Bayes-UCB for Bernoulli bandits, and
argue that it provides an unifying framework for UCB-based algorithms with parametric
rewards. However, its application is limited to models where the quantile functions are
analytically tractable. We instead compute the quantile function of interest by means of
the SIR approximation to the parameter posterior. The expected reward at each round ¢
is evaluated based on the posterior SIR samples, i.e., u,(ﬂ) = Eo{yt|xt, 9((;7';)}. The quantile

value Prlug ¢ > got(on)] = oy is computed by qq (o) := max{pu| ZmluL"pu w(%) > oy}

3. Evaluation

We evaluate the proposed SIR-based method on dynamic bandits with softmax reward func-
tions. We show in Figure 1 the time evolution of the expected rewards of the studied bandits,
as well as the performance of the proposed methods. We observe that SIR-based Thompson
sampling and Bayes-UCB are able to dynamically reach the exploitation-exploration balance
(the cumulative regret plateaus in subfigures 1b and 1d). There is a regret loss incurred
when the underlying dynamics are not known, as the algorithm must sequentially learn
the unknown model parameters {L, >}, in order to make informed decisions. Notice the
increases in regret when the parameter dynamics swap the optimal arm (subfigures 1a and
lc). Reward changes in arms impact Bayes-UCB more profoundly as time evolves, which we
argue is due to the shrinking quantile value ay o< 1/t proposed by Kaufmann et al. (2012), as
it is not able to capture the evolving uncertainty of the parameter posteriors. More generally,
the need to determine appropriate quantile values o4 for each reward and dynamic model is
a drawback for Bayes-UCB. On the contrary, Thompson sampling only relies on samples
from the posterior, which SIR is able to approximate accurately enough for it to operate
successfully, even in the most challenging MAB scenarios without any parameter tweaking.

%0 an 60 80 1000 1200 1400

(a) Expected rewards (b) Cumulative regret (¢) Expected rewards (d) Cumulative regret
A=2C=3. A=2C=3. A=3,C=3. A=3C=3.
Figure 1: True expected reward and mean regret performance (standard deviation shown as
shaded region) of the proposed SIR-based methods for dynamic softmax bandits.

4. Conclusions

In this work, we have addressed dynamic softmax bandits, by applying SMC to the multi-
armed bandit setting, for both Thompson sampling and Bayes-UCB algorithms. We show that
MAB policies with SIR-based approximations to the posterior attain competitive performance.
We aim to extend this work to other bandit scenarios and real datasets.
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Appendix A. Linearly mixing dynamic bandits

Let us consider a general linear model for the dynamics of the parameters of each arm
0, € R? (we omit the categorical index ¢ for clarity of notation):

Ha,t = Laea,t—l + €q €q ™ N(Ea‘oa Ea) ) (1)

where L, € R*? and ¥, € R™4, One can immediately determine that, for linearly dynamic
bandits with known parameters, the parameters follow

ea,t ~ N(ea,t|La9a,t71> Ea) . (2)

However, it is unrealistic to assume that the parameters are known in practice. We
thus marginalize them out by means of the following conjugate priors for the matrix A and
covariance matrix ¥ (we drop the per arm subscript a for clarity)

p(A7 Z|L07 BO7 o, ‘/0) - NIW (A7 2|L07 BO) o, ‘/0)
= p(A|Lo, Bo, £)p(X[vo, Vo) (3)
= MN (A|Ly, %, Bo) IW (X|vo, Vo)
where the matrix variate Gaussian distribution follows
e—%tr{Bo_l(A—LO)TZ*l(A—LO)}

MN (A|Lo, 3, By) =
( | 0 0) (27T)(d'd)/2‘30|d/2’2‘d/2

and the Inverse Wishart

(5)

Z|7%d+1 e—%tr{Z’lVo}
273

IW(2|VO,VO)=’ T
Vol T (%)

We integrate out the unknown parameters A and 3 to derive the predictive density,
i.e., the distribution of 6;, given all the past data 61.;. One can show that the resulting
distribution is a multivariate t-distribution

f(0t|91:t71) = T(9t|1/t, mg, Rt)

vi+d
1 —1 T| 2 (6)
X 1+;t(9t—mt)Rt (Ht—mt) s

where v; denotes degrees of freedom, m; € R? is the location parameter, and R, € R%*¢
represents the scale matrix (Bernardo and Smith, 2009). These follow

vp=vy+1t— d s
my = Ly 10;1 s (7)
Ry = Vie1

Vt(l—ell(UUT)*wt—l) ’
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where the sufficient statistics of the parameters are

Bi-1 = (Q0:t-20¢—o + Bo_l)_l )

Lio1 = (01:4-10¢4_o + A0 By ') Bi_1 ,

Vie1 = (©14-1 — Li—100:4—2) (O14-1 — Li-100:4—2) | (8)
+ (Li—1 — Lo) By (L1 — Lo) T + Va,

UUT = (6161 + B Y)

\

and we have defined the stacked parameter matrix
Otoety = (01Ot 11+ 01y 1041, € R0 (9)

All in all, for linear dynamic bandits with unknown parameters, the per-arm parameters
follow
Ha,t ~T (ea,t’Va,ta Mat, Ra,t) . (1())
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